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Abstract 

A-nuclei (groups of regular permutations) of a quasigroup are studied. A quasigroup is 
A-nuclear if and only if it is group isotope. Any quasigroup with permutation medial or 
paramedial identity is an abelian group isotope. Definition of A-center of a quasigroup is 
given. A quasigroup is A-central if and only if it is abelian group isotope. If a quasigroup is 
central in Belyavskaya-Smith sense, then it is A-central. Conditions when A-nucleus define 
normal congruence of a quasigroup are established, conditions normality of nuclei of some 
inverse quasigroups are given. Notice, definition of A-nucleus of a loop and A-center of a 
loop coincides, in fact, with corresponding standard definition. 
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1 Introduction 

1.1 Historical notes 

G.N. Garrison ^3] was the first who has defined concept of a quasigroup nucleus. A nucleus 
(middle, left, or right) "measures" how far is a quasigroup from a group. Unfortunately, if a 
quasigroup (Q, ■) has a non-trivial Garrison's nucleus, then this quasigroup is a right loop, or 
a left loop, either is a loop [TOl p. 17]. Therefore many authors tried to diffuse (to generalize) 
concept of nucleus on "proper" quasigroup case. 

Various definitions of groupoid, quasigroup and loop nuclei were given and researched by 
A. Sade, R.H. Bruck, V.D. Belousov, P.I. Gramma, A. A. Gvaramiya, M.D. Kitaroaga, G.B. 
Belyavskaya, H.O. Pfiugfelder and many other mathematicians [3H[7^l57[[32[liH[THE5[[T5[l26| 

EHlESlEslEllEIlEQllZZlES]. 

V.D. Belousov discovered connections of quasigroup nuclei with the groups of regular map- 
pings of quasigroups [101 [H [13 E31 EB IS21 ES] • 

Belousov studied autotopisms of the form [a, e, a) of a quasigroup {Q, o). In this paper we 
study autotopisms of the form (a, £,7), i.e. we use Kepka's generalization [531 El]- By this 
approach "usual" nuclei of quasigroups are obtained as some orbits by the action of components 
of A-nuclei on the set Q. The study of A-nuclei of (a, /3, 7)- and (r; s; t)-inverse quasigroups was 
initiated in [SH 

In the paper we develop Belousov approach to parastrophes of quasigroup nuclei [T5] using 
concept of middle translation [15]. Also we make an attempt to extend some results of A. Drapal 
and P. Jedlicka [38l EH] about normality of nuclei. 

1.2 Quasigroups, identity elements, translations 

For convenience of readers we start from some definitions which it is possible to find in [TH [T7] 
[701 ESI [71]. 
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Definition 1.1. A binary groupoid {G,A) is understood to be a non-empty set G together with 
a binary operation A. 

As usual the product of mappings is their consecutive realization. We shall use the following 
(left) order of multiplication of maps: if fi, v are some maps, then (;uz/)(a;) = /i(z/(x)). 

Definition 1.2. A groupoid {Q,o) is called a right quasigroup (a left quasigroup) if, for all 
a,b ^ Q, there exists a unique solution x E Q to the equation x o a = b (a o x = b), i.e. in this 
case any right (left) translation of the groupoid {Q, o) is a bijective map of the set Q. 

In this case any right (left) translation of the groupoid {Q, o) is a bijective map of the set Q. 

Definition 1.3. A groupoid {Q, o) is called a quasigroup if for any fixed pair of elements a,b E Q 
there exist a unique solution x E Q to the equation x o a = b and a unique solution y E Q to the 
equation a o y = b. 

Definition 1.4. An element f is a left identity element of a quasigroup {Q, ■) means that f-x = x 
for all X E Q. 

An element e is a right identity element of a quasigroup (Q, ■) means that x ■ e = x for all 
X E Q. 

An element s is a middle identity element of a quasigroup {Q, ■) means that x ■ x = s for all 
X E Q. 

An element e is an identity element of a quasigroup {Q, ■), ifx-e = e- x = x for all x E Q. 



Definition 1.5. A quasigroup [Q, ■) with a left identity element f E Q is called a left loop. 
A quasigroup {Q, ■) with a right identity element e E Q is called a right loop. 
A quasigroup {Q, ■) with a middle identity element s E Q is called an unipotent quasigroup. 
A quasigroup {Q, ■) with an identity element e E Q is called a loop. 

Define in a quasigroup (Q, ■) the following mappings: / : x i— )■ f{x), where /(x) ■ x = x] 
e : X I— )■ e(x), where x ■ e{x) = x; s : x s{x), where s(x) = x ■ x. 

Remark 1.6. In a left loop f{Q) = 1, in a right loop e{Q) = 1, in an unipotent quasigroup 
s{Q) = 1, where 1 is a fixed element of the set Q. 

Definition 1.7. A quasigroup {Q, ■) with identity x ■ x = x is called an idempotent quasigroup. 

Remark 1.8. In an idempotent quasigroup the mappings e,f,s are identity permutations of 
the set Q. Moreover, if one from these three mappings is identity permutation, then all other 
also are identity permutations. 

In a loop {Q, ■), as usual [13], an element b such that 6 ■ a = 1 is called left inverse element 
to the element a, b = ^^(a); an element c such that a ■ c = 1 is called right inverse element to 
the element a, c = (a)^^. 

Definition 1.9. A binary groupoid {Q,A) with a binary operation A such that in the equality 

A{xi,X2) = X3 knowledge of any 2 elements o/xi,X2,X3 uniquely specifies the remaining one is 
called a binary quasigroup [TS[ 67 1 

From Definition 11.91 it follows that with any quasigroup {Q, A) it possible to associate else 
(3! — 1) = 5 quasigroups, so-called parastrophes of quasigroup {Q,A): A{xi,X2) = X3 4^ 

A^^'^\x2,Xi) = X3 ^ A(^^)(X3,X2) = Xi ^ A^'^^\xi,Xs) = X2 ^ A^^^^^ (x2, X3) = Xi ^ 
A(^^^\x3,Xi) = X2. 
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We shall denote: 

the operation of (12)-parastrophe of a quasigroup (Q, ■) by *; 
the operation of (13)-parastrophe of a quasigroup (Q, ■) by /; 
the operation of (23)-parastrophe of a quasigroup (Q, ■) by \. 

We have defined left and right translations of a groupoid and, therefore, of a quasigroup. 
But for quasigroups it is possible to define and the third kind of translations, namely the map 
Pa '■ Q — > Q, X ■ PaX = a for all X E Q [T5] . 

In the following table connections between different kinds of translations in different paras- 
trophes of a quasigroup {Q, ■) are given |40i |75j. In fact this table is in jTS] . 
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With any quasigroup (Q, ■) we can associate the sets of all left translations (L), right transla- 
tions (M) and middle translations (P). Denote the groups generated by all left, right and middle 
translations of a quasigroup (Q, ■) as LM{Q, ■), RM{Q, ■) and PM{Q, ■), respectively. 

The group generated by all left and right translations of a quasigroup (Q, ■) is called (following 
articles of A. A. Albert [21 13]) multiplication group of a quasigroup. This group usually is denoted 
by M{Q, ■). By FM{Q, ■) we shall denote a group generated by the sets L, R, P of a quasigroup 

Connections between different kinds of local identity elements (and of course of identity 
elements) in different parastrophes of a quasigroup {Q, ■) are given in the following table [75] 175]. 

Table 2 
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In Table 2, for example, s 



(123) 



Lemma 1.10. Parastrophic image of a loop is a loop, or an unipotent left loop, either an unipo- 
tent right loop. Parastrophic image of an idempotent quasigroup is an idempotent quasigroup. 

Proof. It is possible to use Table 2. □ 
In this paper an algebra (or algebraic structure) is a set A together with a collection of 
operations defined on A. T. Evans |1T| defined a binary quasigroup as an algebra (Q, ■, /, \) with 
three binary operations. He has used the following identities: 



X ■ {x\y) = y, 

iy/x) ■x = y, 
x\{x-y) =y, 
{y ■ x)/x = y. 



(1) 

(2) 
(3) 
(4) 
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Definition 1.11. An algebra {Q,-,\,/) with identities - is called a quasigroup UJ\ [3^ 



In any quasigroup {Q, ■, \, /) the following identities are true 

{x/y)\x = y, (5) 
x/{y\x) = y. (6) 

1.3 Isotopism 

Definition 1.12. A binary groupoid (G, o) is an isotope of a binary groupoid (G, •) (in other 
words (G, o) is an isotopic image of {G,-)), if there exist permutations /ii,/i2,/U3 of the set G 
such that xi o X2 = ^(/iiXi ■ 1^2X2) for all xi,X2 G G fl4l |T7| , \7D^ . 

We can write this fact and in the form {G, o) = (G, •)T, where T = {fii, fi2, /is). 

Definition 1.13. //(o) = (■), then the triple (yUi, /i2, /is) is called an autotopy of groupoid {Q, ■). 

The set of all autotopisms of a groupoid (Q, ■) forms a group relative to usual component- wise 
multiplications of autotopisms [HI |l7l [TOj. We shall denote this group as Avt{Q, ■). 
The last component of an autotopy of a groupoid is called a quasiautomorphism. 

Lemma 1.14. 1. If {Q,o) = {Q,-){a,e,e), then LI = L'^^, i?° = R'^a, P° = P^a for all 
X eQ. 

2. If {Q, o) = (g, .)(£, /3, £), then L° = LJ, R° = R^^, {P°)-^ = {P^y'/S for all xeQ. 

3. If {Q, o) = (Q, .)(£, e, 7), then L° = ^-^L^, R° = ^^R'^, P° = P^', for all xeQ. 

Proof. Case 1. We can re-write equality {Q, o) = (Q, ■)(a, e, e) in the form xoy = ax-y = z 
for all x,y E Q. Therefore L°y = L'^^y, R°x = Ryax, P°x = P^ax. 

Case 2. We can re-write equality (Q, o) = (Q, ■)(£, (3, e) in the form x o y = x ■ /3y = z for all 
x,yeQ. Therefore L^y = LJy, R^x = R^^x, {P°)-^y = {PX'Pv- 

Case 3. We can re- write equality (Q, o) = {Q, •)(£,£:, 7) in the form x o y = j~^(x ■ y) for 
all x,y & Q. Therefore L° = 7~^L^, R° = ■y~^Ry. If x o y = 7~^(x ■ y) = z, then P°x = y, 
P,,x = y, p; = P,,. □ 



Corollary 1.15. In conditions of Lemma\l. I4 



1. (i) if a = (P(j) ^, then R° = e, {Q, o) is a right loop. 

(a) if a = (P^)^^ , then P° = e, (Q, o) is an unipotent quasigroup. 

2. (i) if (3 = (Lj)~^, then LI = e, {Q,o) is a left loop. 

(a) if P = Pj^, then P^° = e, {Q, o) is an unipotent quasigroup. 

3. (i) if 'J = L'^, then L° = e, {Q, o) is a left loop, 
(a) if = R'c, then R° = e, {Q, o) is a right loop. 

Proof. The proof follows from Lemma I1.14[ □ 
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Lemma 1.16. // (Q, o) = (Q, ■)[a, /3,e) and (Q, o) is a loop, then there exist elements a, b G Q 
such that a = R-\ l3 = L'^ fl^ \T^. 

U {Qi °) = {Qi l) {Qi °) o right unipotent loop, then there exist elements a,b & 

Q such that f3 = Pa, 7 = Rb- 

U {Qi °) = {Qi ■)('^) ^1 7) '^'^'^ {Qi °) ^■^ ^^ft unipotent loop, then there exist elements a,b & Q 
such that a = P^^ , 7 = Lf,. 

Proof. Let x o y = ax ■ (3y. If a; = 1, then we have 1 o y = y = al ■ (3y. Therefore Lai/3 = e, 
13 = L'^l- If we take y = 1, then we have x o I = x = ax ■ (31, Rpia = e, a = R^^l- 

Let X o y = 7~^(x ■ I3y). If y = 1, then we have x = 'y~^{x ■ (31). Therefore •yx = Rpix. If 
X = y, then 1 = 'y~^{x ■ (3x), 7I = x ■ (3x, P^ix = (3x. Denote (31 by b, 7I by a. 

Let X o y = 7~^(q;x ■ y). If x = 1, then we have y = 7~"'^(a;l ■ y). Therefore •jy = L^iy. If 
X = y, then 1 = 'y~^{a ■ x), 'jl = ax ■ x, P^iX = ax. Denote al by b, 7I by a. □ 

Definition 1.17. Isotopism of the form {R(j(^, L^^, e) where L^, Ra are left and right translations 
of the quasigroup (Q, ■) called LP-isotopism (loop isotopism) m\ |77|/. 

Theorem 1.18. Any LP-isotope of a quasigroup {Q,-) is a loop [T4I [77|/. 

If {Qi °) = {Qi 0(^5 Pai Rb), where {Q, ■) is a quasigroup, then {Q, o) is a unipotent right loop. 
If {Q, o) = (Q, ■)(P~^, e, Lb), where {Q, ■) is a quasigroup, then {Q, o) is a unipotent left loop. 

Proof. Case 1. Prove that quasigroup {Q,o), where xoy = R~^x ■ L^^y, is a loop. Let 1 = b-a. 
If we take x = 1, then 1 o y = R~^ba ■ L^^y = R~^Rab ■ L^^y = b ■ L^^y = LbL^^y = y. 

If we take y = 1, then we have x o 1 = R~^x ■ L(^^ba = Ra^x ■ a = RaRa^x = x. Element 1 is 
the identity element of the quasigroup {Q, o). 

Case 2. Prove that quasigroup {Q, o), where x o y = R((^{x ■ Pay)i is a right unipotent loop. 
Let 1 = R'^^a = a/6. If we take y = 1, then x o 1 = R(^^{x ■ PaR(^^a) = R(^^{x ■ b) = x, since 
PaR^^a = b. Indeed, if PaR^^a = b, then R(^^a ■ b = a, a = a. Also we can use identity ([2]). 
Therefore element 1 is the right identity element of quasigroup {Q, o). 

If we take x = y, then we have x o x = R^^{x ■ Pax) = R^^a = 1 since by definition of middle 
translation x ■ PaX = a, {Q, o) is an unipotent quasigroup. 

Case 3. Prove that quasigroup {Q, o), where x oy = L(^^{P^^x ■ y), is a left unipotent loop. 
Let 1 = L(^^a = b\a. If we take x = 1, then 1 o y = L^^{P^^L^^a ■ y) = L^^{b ■ y) = y, since 
P~^L^^a = b. Indeed, if P~^L(^^a = b, then b ■ L(^^a = a, a = a. Therefore element 1 is the left 
identity element of quasigroup {Q, o). 

If we take x = y, then we have x o x = L^^{P^^x ■ x) = L^^^a = 1 since by definition of 
middle translation P~^x ■ x = a, {Q, o) is an unipotent quasigroup. □ 

Remark 1.19. Instead of direct proof of Theorem 11.181 it is possible to use Corollary 11.151 

There exists well known connection between translations of a quasigroup and translations of 
its LP-isotopes [HU ST]. In the following lemma we extend this connection. 

Lemma 1.20. If x o y = R-^x ■ L'^y, then L° = L^-i^L-\ R; = Rl-^^R-', P^ = UP^R-^ 

If xoy = R-\x ■ Pay), then L° = R^^L^Pa, R^ = Rb'Rp.y, n° = Pa'Pn^z- 
If xoy = L;\P-'x ■ y), then L° = L^'L^-.^, i?° = L;'RyP-\ P; = Pb..P-\ 

Proof. Case 1. li x o y = Ra^x ■ L^^y = z, then P°x = y, PzR'^x = L^^y, LbPzRa^x = y, 
P^x = LbPzR-^x. 

Case 2. If x o y = P^^(x ■ Pay) = z, then P°x = R^^Rp^yX, P°x = y, Rl^{x ■ Pay) = z, 
Pr,zX = Payi Pa'PR,zX = y, P^x = P-^Pfl^.x, L^y = R^^L^Pay. 

Case 3. If x o y = L^i(p-ix ■ y) = z, then P°x = y, P-^x • y = Uz, Pi^^Pa^x = y, 
P: = PbzP-\ Ky = Lb'Lp-.^y, Rlx = L^'RyP-'x. □ 
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We shall use the following well known fact. 

Lemma 1.21. If a quasigroup (Q, ■) is a group isotope, i.e. (Q, ■) ~ {Q,+), where {Q,+) is a 
group, then any parastrophe of this quasigroup also is a group isotope fUQj. 

Proof. The proof is based on the fact that any parastrophe of a group is an isotope of this 
group, i.e. {Q,+Y ~ (Q, +) O Lemma 5.1], [HI p. 53]. If (Q, •) ~ (Q,+), then (Q, ~ 

1.4 Autotopy. Leakh Theorem 

Lemma 1.22. If quasigroup s {Q,o) and{Q,-) are isotopic with isotopy T , i.e. {Q,o) = {Q,-)T, 
then Avt{Q,o) = T-^Avt{Q,-)T ([F^, Lemma I.4). 

Lemma [1 . 22 1 allows (up to isomorphism) to reduce the study of autotopy group of a quasigroup 
to the study autotopy group of an LP-isotope of this quasigroup, i.e. to the study of autotopy 
group of a loop. 

Corollary 1.23. If H is a subgroup of the group Avt{Q,-), then T^^HT is a subgroup of the 
group Avt{Q, o). 

Proof. The proof follows from Lemma [1.221 and standard algebraic facts [48j- CD 

Lemma 1.24. If T is a quasigroup autotopy, then any its two components define the third 
component uniquely. 

Proof. If (ai,/3,7) and (02, /3, 7) are autotopies, then (a^^, Z?^-*^, 7^-*^) is an autotopy and 
(aia^^, 77~^) = (aia^"^, e, e) is an autotopy too. We can re-write the last autotopy in 
such form: ctia^^x ■ y = x ■ y, then ai = (X2- 

If (e, e, 7172) is an autotopy, then we have x ■ y = 7172""'^ (x ■ y). If we put in the last equality 
y = e(x), then we obtain x = 717^ "^x for all x G Q, i-e. 71 = 72. □ 

Corollary 1.25. // two components of a quasigroup autotopy are identity mappings, the the 
third component also is an identity mapping. 

Proof. The proof follows from Lemma 11.241 □ 
There exists p2] more strong result than Lemma ll.24[ I. V. Leakh proves this result using 
geometrical (net theory) approach in more general case than in the following 

Theorem 1.26. Leakh Theorem. Any autotopy T = {ai, 02,0(3) of a quasigroup {Q,o) is 
uniquely defined by any autotopy component ai, i G {1,2,3}, and by element b = aja, where a 
is any fixed element of set Q, i ^ j 162]. 

Proof. Case 1. i = l,j = 2. If we have autotopies (a,/3i,7i) and (q;,/32,72) such that 
Pia = = b, then we have ax o /J^a = 7i(x o a) and ax o /32a = 72(x o a). Since the left sides 
of the last equalities are equal, then we have 71 (x o a) = 72(x o a), jiRaX = 72-Raa;, 71 = 72 and 
by Lemma fTT2l /3i = ^2- 

Case 2. i = l,j = 3. Suppose there exist autotopies (a,/3i,7i) and (a,/32,72) such that 
7ia = 72a = b for some fixed element a E Q. Since {Q, o) is a quasigroup, then for any element 
X E Q there exists a unique element x' G Q such that x o x' = a. Using the concept of middle 
quasigroup translation we can re-write the last equality in the form PaX = x' and say that Pa is 
a permutation of the set Q. 
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For all pairs x, x' we have ax o fi^^x' = 71 (x o x') = b and ax o f32x' = 72(x o x') = b. Since 
the right sides of the last equalities are equal we have ax o = ax o f32x', f3ix' = f32x' for all 
x' e Q. The variable x' takes all values from the set Q since Pa is a permutation of the set Q. 
Therefore (3i = /32 and by Lemma 11.241 71 = 72 • 

All other cases are proved in the similar way with Cases 1 and 2. □ 

Lemma 1.27. Any autotopy (a,/3,7) of a loop (Q, ■) has the form (_R^j^7, L~|7, 7), where al ■ 
(31 = 1. 

Proof. If we put in equality ax ■ (3y = 7(x?/) x = y = 1, then al ■ (31 = 1. If x = 1, then 
al ■ (3y = 'jy, (3 = L'Ij. U y = 1, then ax ■ (31 = 7X, a = R'^i'j- □ 

Theorem 1.28. The order of autotopy group of a finite quasigroup Q of order n is a divisor of 
the number n\ ■ n. 

Proof. The proof follows from Lemma [1.221 (we can prove loop case), Lemma [1.241 and Lemma 
11.271 (we can take the second and third components of loop autotopy). □ 
Also by the proving of Theorem 11.281 it is possible to use Leakh Theorem (Theorem ll.26p . 

Example 1.29. The order of autotopy group of the group Z2 x Z2 is equal to 4 ■ 4 ■ 6 = 4! ■ 4, 
i.e. in this case autotopy group is equal to the upper bound. 

Remark 1.30. There exist quasigroups (loops) with identity autotopy group [37]. In this case 
autotopy group is of minimal order. 

1.5 Isostrophism 

Isostrophy (synonymous with isostrophism) of a quasigroup is a transformation that is a combi- 
nation of parastrophy and isotopy, i.e. isostrophe image of a quasigroup {Q, A) is parastrophe 
image of its isotopic image or, vice versa, isostrophe image of a quasigroup {Q, A) is isotopic im- 
age of its parastrophe (Definition II. 33p . Therefore, there exists a possibility to define isostrophy 
by at least in two ways. 

If T = (Q;i,a2,«3) is an isotopy, a is a parastrophy of a quasigroup {Q,A), then we shall 
denote by T'^ the triple {a„-ii, ao-12, c^a-'^s) ■ 

In order to give some properties of quasigroup isostrophisms we need the following 

Lemma 1.31. {ATf = A^'T'', {T1T2Y = T[T^ m\\IW- 

Remark 1.32. It is possible to define action of a parastrophy a on an isotopy T = (ai, a2, as) 
also in the following (more standard) way: T'^ = (ag-i, Q;cr2; ao-s)- In this case Lemma [1.311 also 
is valid. 

Recall, if {Q,A) is a binary groupoid, then X3 = A{xi,X2) (Definition 11.91) . 

Definition 1.33. A quasigroup {Q,B) is an isostrophic image of a quasigroup {Q,A) if there 
exists a collection of permutations (a, (ai,a2,a3)) = (c")^); where a G S^, T = (0:1,02,03) and 
Oi, 02, 03 are permutations of the set Q such that B{xi, X2) = A{xi, X2)(cr, T) = (y4'^(xi, X2))T = 
ojM(oiXo-ii, O2X0--12) for all Xi, X2 G Q f81{ l8^ . 

Remark 1.34. There exist formally other but in some sense equivalent definitions of isostrophy 
and autostrophy. See, for example, [5T| [52]. 
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A collection of permutations {a, {ai, a2, as)) = (cr, T) will be called an isostrophy of a quasi- 
group {Q,A). 

Often an isostrophy {a, T) is called cr-isostrophy T or isostrophy of type a. We can re-write 
the equality from Definition II .331 in the form A'^T = B, where T = {ai, a2, as). It is clear that 
£-isostrophy is called an isotopy. 

Probably R. Artzy was the first who has given algebraic definition of isostrophy [B]. For 
ra-ary quasigroups concept of isostrophy is studied in [16]. Isostrophy has clear geometrical (net) 
motivation [70l|8]. See also [62] . 

Let (cr, T) and {r, S) be some isostrophisms, T = (ai, 0:2, as), S = /32, /^s)- Then 

ia,T)ir,S) = iar,T^S) (7) 
We can write the equality B = A{aT,T^ S) in more details: (the right record of maps) 

B{xi,X2, X3) = A(xi(^-i^-i)ai^-i/3i, X2(r-ia-i)a2r-i/32, a;s(T-ia-i)a3T-i/33)- (8) 
If we shall use the left record of maps, then 

B{xi,X2, X3) = A(/3ia^-iiX^-i(^-ii), /32a^-i2X^-i(^-i2), /3s"r-i3a;<T-i(T-i3))- (9) 
Lemma 1.35. // (u, T) = (a, (ai, a2, as)) is an isostrophy, then 

(^,T)-i = {a-\{T-r'') = {^-\{a-la-la-^)) (10) 

Proof. Indeed, {a,T)-' = (a-^, (T-i)'^"^), (T-y-' = (a^', a^'f-' = {a-^ , a'^ , a-^) . 
Then 

ia,T)ia-\{T-'r-') = {aa-\T'^-\T-'r'') = {e,e), 
ia'\iT-'r')ia,T) = ia-'a,T~'T) = (5,5). 

□ 

If B = A, then isostrophism is called an autostrophism (autostrophy). Denote by Aus {QiA) 
the group of all autostrophisms of a quasigroup (Q, A). 

We can generalize Lemma 11.221 and similarly prove the following 

Lemma 1.36. If quasigroups {Q, o) and {Q, ■) are isostrophic with an isostrophy T , i.e. {Q, o) = 
(g, ■)T, then Aus{Q, o) = T-^AusiQ, ■)T . 

Proof. The proof repeats the proof of Lemma 1.4 from fT7|. Let S G Aus{Q,o). Then 
{Q,-)T={Q,-)TS, iQ,-) = {Q,-)TST~\ 

TAus{Q,o)T-~^ C Aus{Q,-)- (11) 

If (g,o) = (g, ■)T, then {Q,o)T-^ = (g,-), expression ^ takes the form T-^Aus{Q,-)T C 
Aus{Q, o), 

TAus{Q,o)T-^ D Aus{Q,-). (12) 
Comparing 1^ and 1^ we obtain Aus{Q, o) = T-'^Aus{Q, ■)T. □ 

Corollary 1.37. If quasigroups {Q, o) and {Q, ■) are isostrophic with isostrophy T, i.e. {Q, o) = 
(g, ■)T, then Avt{Q, o) = T'^AvtiQ, ■)T . 

Proof. The proof repeats the proof of Lemma ll.36[ We only notice, if 5 G Aft(g,o), then 
T-^ST e Avt{Q,-). □ 

Corollary 1.38. If T is an autostrophy of a quasigroup (Q,-), i.e. (Q,-) = {Q,-)T, then 
Avt{Q,-) =T-^Avt{Q,-)T. 

Proof. The proof follows from Lemma 11.361 □ 
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1.6 Group action 

We shall denote by Sq the symmetric group of all bijections (permutations) of the set Q. 
We recall some definitions from |l2l HH] . 

Definition 1.39. A group G acts on a set M if for any pair of elements {g,m) , g ^ G,m ^ M, 
an element (gm) E M is defined. Moreover, gi{g2{m)) = {gig2)m and em = m for all m G M, 
gii92 £ G. Here e is the identity element of the group G. 

The set Gm = {gm \ g G G} is called an orbit of element m. For every m in M, we define 
the stabilizer subgroup of m as the set of all elements in G that fix m: Gm = {g \ gm = m} 

The orbits of any two elements of the set M coincide or are not intersected. Then the set M 
is divided into a set of non-intersected orbits. In other words, if we define on the set M a binary 
relation ~ as: 

mi ~ m2 if and only if there exists g E G such that m2 = gmi, 

then ~ is an equivalence relation on the set M. 

Every orbit is an invariant subset of M on which G acts transitively. The action of G on M 
is transitive if and only if all elements are equivalent, meaning that there is only one orbit. 

A partition 6 of the set M on disjoint subsets 6{x), x E M is called a partition on blocks 
relatively the group G, if for any 6 {a) and any g E G there exists a subset 6{b) such that 
g6{a) = 9{h). It is obviously that there exist trivial partition of the set M, namely, partition 
into one-element blocks and partition into unique block. 

If there does not exist a partition of the set M into non-trivial blocks, then the group G is 
called primitive. 

Definition 1.40. The action of G on M is called: 

1. faithful (or effective) if for any two distinct g,h E G there exists an x E M such that 
g{x) 7^ h{x); or equivalently, if for any g ^ e E G there exists an x E M such that 
g{x) 7^ X. Intuitively, different elements of G induce different permutations of M ; 

2. free (or semiregular) if for any two distinct g,h E G and all x E M we have g{x) ^ h{x); 
or equivalently, if g{x) = x for some x then g = e; 

3. regular (or simply transitive) if it is both transitive and free; this is equivalent to saying 
that for any two x,y in M there exists precisely one g in G such that g{x) = y. In this 
case, M is known as a principal homogeneous space for G or as a G-torsor 1102^ . 

Denote the property of a set of permutations {pi,P2, ■ ■ ■ ,Pm} of an m-element set Q ''PiPj^ 
{i 7^ j) leaves no variable unchanged" |66] as the r-property. An m-tuple of permutations T can 
also have the r-property. We shall call the m-tuple T as a r-m-tuple. 

In [66], in fact, Mann proves the following 

Theorem 1.41. A set P = {pi,P2, ■ ■ ■ ,Pm} of m permutations of a finite set Q of order m 
defines Cayley table of a quasigroup if and only if P has the r-property. 

A permutation a of a finite non-empty set Q which leaves no elements of the set Q unchanged 
will be called a fixed point free permutation. 

Definition 1.42. A set M of maps of the set Q into itself is called simply transitive (more 
precise, the set M acts on the set Q simply transitively) if for any pair of elements x,y of the 
set Q there exists a unique element fij of the set M such that fij{x) = y. 
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In Definition 11.421 we do not suppose that the set M is a group. Notice that concepts from 
Definition 11.401 are suitable for the set M. 



Theorem 1.43. A set T = {pi,P2, ■ ■ ■ ,Pn} of n permutations of a finite set Q of order n is 
simply transitive if and only if the set T has the r-property fU^ . 



Lemma 1.44. If {Q, ■) is a quasigroup, then the sets L, M, P of all left, right, middle translations 
of quasigroup {Q, ■) are simply transitive sets of permutations of the set Q. 

Proof. Indeed, if a, b are fixed elements of the set Q, then there exists an unique element x E Q 
such that x-a = b, there exists an unique element y E Q such that a-y = b, there exists an unique 
element z E Q such that a - b = z. We establish the following bijections between elements of the 
sets Q and elements of the sets L,{Q, •), M.{Q, ■), P(Q, ■): y?! : x -H- L^, ip2 '■ x -H- Rx, ips : x -H- Px- 
Therefore there exists an unique element G ■Cj{Q, ■) such that L^a = b, there exists an unique 
element Ry G ^^{Q, ■) such that Rytt = b, there exists an unique element G CP((5, ■) such that 
P,a = b. □ 

Definition 1.45. The centralizer of a set S of a group G (written as CciS)) is the set of 
elements of G which commute with any element of S; in other words, Gg{S) = {x E G \ xa = 
ax for all aeS} 

Definition 1.46. The normalizer of a set S in a group G, written as Nq{S), is defined as 
Ng{S) = {xeG I xS = Sx}. 

The following theorem is called NC-theorem |101] . 

Theorem 1.47. G{S) is always a normal subgroup of N{S) 13^ 1 1 Olf . 

Proof. The proof is taken from [lOlJ. If c is in G{S) and n is in N{S), we have to show that n~^cn 
is in G{S). To that end, pick s in S* and let t = nsn~^ . Then t is in S*, so therefore ct = to. Then 
note that ns = tn; and n~^t = sn~^ . So {n~^cn)s = {n~^c)tn = n~^{tc)n = {sn~^)cn = s{n~^cn) 
which is what we needed. □ 



2 Garrison's nuclei and A-nuclei 

2.1 Definitions of nuclei and A-nuclei 

We recall standard Garrison's [13] definition of quasigroup nuclei. 

Definition 2.1. Let {Q, o) be a quasigroup. Then Ni = {a E Q \ {a o x) o y = a o [x o y)} , 

Nr = {a E Q I {x o y) o a = X o (^y o a)} and Nm = {a E Q \ {x o a) o y = x o (^a o y)} are 
respectively its left, right and middle nuclei JJ^ \m [7^ . 

Remark 2.2. Garrison names an element of a middle quasigroup nucleus as a center element 

m- 

Definition 2.3. Let {Q, ■) be a quasigroup. Nucleus is given by N = Ni (1 Nr H Nm ^TUJ. 

The importance of Garrison's quasigroup nuclei is in the fact that Ni,Nr and Nm all are 
subgroups of a quasigroup {Q, ■) [43j. 

The weakness of Garrrison's definition is in the fact that, if a quasigroup {Q, ■) has a non- 
trivial left nucleus, then {Q, ■) is a left loop, i.e. (Q, ■) has a left identity element; if a quasigroup 
{Q, ■) has a non-trivial right nucleus, then {Q, ■) is a right loop, i.e. {Q, ■) has a right identity 
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element; if a quasigroup (Q, •) has a non-trivial middle nucleus, then (Q, ■) is a loop, i.e. (Q, ■) 
has an identity element ([13]; [70], 1.3.4. Theorem). 

It is well known connection between autotopies and nuclei [101 1121 [H 153] . 

Namely the set of autotopies of the form (L^, e. La) of a quasigroup (Q, o) corresponds to left 
nucleus of (Q, o) and vice versa. 

Similarly, the set of autotopies of the form (e, Ra) of a quasigroup (Q, o) corresponds 
to right nucleus of (Q,o), the set of autotopies of the form {Ra, L~^,e) of a quasigroup (Q, o) 
corresponds to middle nucleus of (Q, o). 

It is easy to see that from Garrison definition of left nucleus of a loop {Q, ■) it follows that 
R'yRyR^a = a for all x,y E Q and all a G A^^^. Permutations of the form R'yRyR^ generate right 
multiplication group of (Q, ■)• It is clear that any element of left nucleus is invariant relatively 
to any element of the group (^R~yRyRx \ x,y E Q). 

Similarly from Garrison definition of right nucleus of a loop {Q, ■) it follows that L^yL^Lya = 
a for all x,y E Q and all a G A*";. Permutations of the form L~yLxLy generate right multiplication 
group of (Q, ■)• It is clear that any element of left nucleus is invariant relatively to any element 
of the group {L'^L^Ly \x,y e Q). 

For middle nucleus situation is slightly other and of course Garrison was right when called 
elements of middle loop nucleus as central elements. 

P.I. Gramma [B], M.D. Kitaroaga [58], and G.B. Belyavskaya [211 [221 |23l El] generalized on 
quasigroup case concepts of nuclei and center using namely this nuclear property. G.B. Belyav- 
skaya obtained in this direction the most general results. 

In [52] the following definition is given. 

Definition 2.4. The set of all autotopisms of the form (a, e, 7) of a quasigroup (Q, o), where e 
is the identity mapping, is called the left autotopy nucleus (left A-nucleus) of quasigroup {Q, o). 

Similarly, the sets of autotopisms of the forms {a,(3,e) and (£,/3,7) form the middle and 
right A-nuclei of (Q,o). We shall denote these three sets of mappings by Nf" , and 
respectively. 

Using Definition 12 . 41 we can say that to the elements of left Kitaroaga nucleus of a quasigroup 
(Q, ■) correspond to autotopies of the form (LaLj^^ ,e, LaLj^^), where a G Q (in fact a G iV; in 
Kitaroaga sense), /i is a fixed element of the set Q [58] . 

Autotopies of the form {LaLf^^ ,e, La.e(h)Lj^^), where a G Q (in fact a G A"; in Belyavskaya 
sense) correspond to the elements of left Belyavskaya nucleus [2T] . 

Remark 2.5. Often, by a generalization of some objects or concepts, we not only win in gen- 
erality, but also lose some important properties of generalized objects or concepts. 

The weakness of Definition 12.41 is in the fact that it is not easy to define A-nucleus similarly 
to quasigroup nucleus as an intersection of left, right and middle quasigroup A-nuclei. 

Lemma 2.6. f^ . 

1. The first components of the autotopisms of any subgroup K^Nf') of Nf' themselves form a 
group Ki{Nf-). 

2. The third components of the autotopisms of any subgroup K{Nf-) of Nf- themselves form 
a group K^i^Nf"). 

3. The first components of the autotopisms of any subgroup K{N:^) of themselves form a 
group Ki{N^). 
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4- The second components of the autotopisms of any subgroup K(N^) of themselves form 
a group K2{Nf-). 

5. The second components of the autotopisms of any subgroup K{N^) of themselves form 
a group K2{N^). 

6. The third components of the autotopisms of any subgroup K{N^) of themselves form 
a group K^i^N^). 

Proof. Case 1. Let (ai,e,7i), (02, ^,72) ^ ^{Nf'). Then aixoy = 7i(xoy) and 0:2x0?/ = 72(a;o?/) 
for all x,y E Q. From the first equation, ai{a2x) oy = 71(0:20; oy) = 7172(0; o y) by virtue of the 
second equation. Thus, (01O2, 7172) G K{Nf^). 

Let X = a^^u. Then, Oio; o y = 7i(x oy) ^ u oy = 71(0^ o y) ^ a^^u oy = 'Ji^{u o y) so 

Clearly, (e,£,£:) G K{Nf-). Hence, e is a first component and, if Oi and 02 are first compo- 
nents so are 01O2 and o]~^. 

Other cases are proved in similar way with Case 1. □ 

From Lemma [2.61 it follows that the first, second and third components of Ni^, and 
each form groups. For brevity, we shall denote these nine groups by iNf-, 2^^, sNi^, iN^, 2^^, 
sN^, ^N^, 2N^ and ^N^. 

Next two lemmas demonstrate that A-nuclei have some advantages in comparison with Gar- 
rison's nuclei. 

Lemma 2.7. In any quasigroup Q its left, right, middle A-nucleus is normal subgroup of the 
group Avt(Q). 

Proof. Let {fi,6,u) G A^";^, (o,/3,7) G Avt{Q). Then 

(o-\/3-\7-^)(/i,e,z/)(o,/3,7) = (o~V«, ^, 7"^'^7) e A^^^ 
The proofs for right and middle nucleus are similar. □ 

Lemma 2.8. // quasigroups {Q, ■) and {Q, o) are isotopic, then these quasigroups have iso- 
morphic autotopy nuclei and isomorphic components of the autotopy nuclei, i.e. N/^{Q,-) = 
Nf{Q, o), .N^'iQ, ■) = ,N^iQ, o), ,N^{Q, ■) ^ .N.^iQ, o), and so on. 

Proof. We can use Lemmas IL22I and 12.61 □ 

Corollary 2.9. If a quasigroup (Q,-) is an isotope of a group {Q,+), then all its A-nuclei and 
components of A-nuclei are isomorphic with the group {Q,+). 

Proof. It is clear that in any group all its A-nuclei and components of A-nuclei are isomorphic 
with the group {Q, +). Further we can apply Lemma [2.8[ □ 

Lemma 2.10. Isomorphic components of A-nuclei of a quasigroup (Q, ■) act on the set Q in 
such manner that the numbers and lengths of orbits by these actions are equal. 

Proof. In Lemma 12.81 it is established that A-nuclei and the same components of A-nuclei 
are isomorphic in pairs. Notice all A-nuclei of a quasigroup (Q, ■) are subgroups of the group 
Sq X Sq X Sq. Components of these A-nuclei are subgroups of the group Sq. 

If two components of A-nuclei, say B and C are isomorphic, then this isomorphism is an 
isomorphism of permutation groups which act on the set Q. Isomorphic permutation groups are 
called similar [IBl P- 111]. 

Let ipB = C, where B, C are isomorphic components of A-nuclei, is an isomorphism. Then 
we can establish a bijection ip of the set Q such that ip{g){ip{m)) = ip{g{m)) for aWm E Q,g E B 
p. 111]. □ 
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2.2 A-nuclei and isosotrophy 

In this section we find connections between components of A-nuclei of a quasigroup (Q,-) and 
its isostropliic images of the form {Q, o) = (Q, ■){{a){a, /3, 7)), where a G S3, a, f3,'y ^ Sq. 

We omit the symbol of autotopy nuclei (the symbol A) and put on its place the symbols 
of binary operations "o" and "■" respectively. Denote isostrophy (a, (a,/3,7)) by (ex, T) for all 
cases. 

Lemma 2.11. If quasigroup {Q,o) is isostrophic image of quasigroup (Q,-) with an isostrophy 
5 = ((12),T), I.e. (Q,o) = {Q,.)S, then Ni{Q,o) = S-'NriQ,-)S, iiV,(Q, o) = a-SiV,(Q, >, 
3iVKQ,o)=7-i3iV,(Q,.)7. 

Proof. The proof repeats the proof of Lemma 1 1.361 Let K G Ni{Q, o). Then {Q, ■)S = {Q, ■)SK, 
iQ,-) = iQ,-)SKS-\ 

SNi{Q,o)S-' CNriQr), (13) 

since 

((12), {a, (3, 7)) {e, ( iiV°, e, siVH) ((12), {r\ 7^')) = (e, (e, a ^N°a-\ 7 siV^V))- 
If {Q, o) = (Q, ■)S, then {Q, o)S^^ = {Q, ■), expression f|T3|) takes the form 

S-'Nr{Q,-)SCNi{Q,o). (14) 

Indeed, 

((12), (r \ a-\ r')) (e, {e, 2K, 3K)) ((12), {a, /3, 7)) = (e, (a'' ^Ka, e, 7"' sKl))- 
We can rewrite expression f|T4l) in such form 

iVr-(Q,-)^^iV,(Q,o)S-\ (15) 
Comparing ([I3]) and ^ we obtain A/'r.(Q, ■) = SNi{Q,o)S-\ Therefore aiN°a-^ = 2K, 

All other analogs of Lemma 12.111 are proved in the similar way. 

In Table 3 connections between components of A-nuclei of a quasigroup {Q, ■) and its 
isostrophic images of the form {Q,o) = (Q, •)(((t)(q;, /3, 7)), where a G S3, a,/3,7 G Sq are 
collected. 

Table 3 







{(12), T) 


((13), T) 


((23), T) 


((132), T) 


((123), T) 
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If (g,o) = (g,-)((123)(a,/3,7)), then from Table 3 we have 2N^{Q,o) = f3~\N^P{Q, ■). 
Theorem 2.12. Isostrophic quasigroups have isomorphic A-nuclei. 
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Proof. The proof follows from Table 3. □ 

Remark 2.13. From the proof of Lemma 12.111 it follows that Table 3 can be used for the 
finding of connections between concrete components of A-nuclei. For example, if {Q, o) = 
(g,-)((23)(a,/3,7)), then from Table 3 we have 2N^{Q,o) = (3-\N^l3{Q, ■)■ Therefore, if 
p e sN^^Q, ■), then there exists an element /i G 2N^{Q, o) such that /i = f3~^pf3 and vice versa, 
if p e 2N^{Q, o), then there exists an element p e sN^^Q, ■) such that p = /3~^p/3. 

2.3 Components of A-nuclei and identity elements 

There exist some connection between components of A-nuclei and local identity elements in any 
quasigroup. 

Lemma 2.14. 1. If (Q, ■) is a quasigroup and (a, £,7) G Avt{Q,-), then af{x) ■ x = jx, 
ax ■ e(x) = -yx, ax ■ x = 7s(x) for all x E Q. 

2. If (Q, ■) is a quasigroup and {e,f3,'y) G Avt{Q,-), then f{x) ■ f3x = ■yx, x ■ f3e{x) = jx, 
X ■ f3x = 7s(a;) for all x E Q. 

3. If {Q, ■) is a quasigroup and {a,(3,e) G Avt{Q, ■), then af{x) ■ f3x = x, ax ■ f3e{x) = x, 
ax ■ (3x = s{x) for all x E Q. 

Proof. Case 1. If we put x = f{y), then we obtain af{y) • y = jy. If we put y = e{x), then we 
obtain a{x) ■ e(x) = 7X. If we put x = y, then we obtain ax ■ x = 7s(x). 

Cases 2 and 3 are proved similarly. □ 

Corollary 2.15. 1. If{Q,-) is an idempotent quasigroup and (a, £,7) G Avt{Q,-), then ax ■ 
X = 7X, ax = P~} for all x E Q. 

2. If {Q, •) is an idempotent quasigroup and {e, /3, 7) G Avt{Q, ■), then x- (3x = jx, (3x = P^x^ 
for all X & Q. 

3. If {Q, ■) is an idempotent quasigroup and {a, /3, e) G Avt{Q, ■), then ax-(3x = x, P^ax = /3x 
for all X G Q. 

Proof. The proof follows from Lemma [2. 141 and the fact that in an idempotent quasigroup (Q, ■) 
the maps /, e, s all are equal to identity permutation of the set Q. Further we have P^^^ax = x, 
ax = P~^ (Case 1). From x ■ (3x = 'jx we have P^^x = /3x in Case 2. From ax ■ /3x = x we have 
Pxax = /3x in Case 3. □ 

Remark 2.16. We can rewrite also: 

equality ax ■ x = jx in the form x ■ a~^x = ja'-^x, aj'-^x ■ 7~^x = x (Case 1); 
equality x ■ f3x = •jx in the form f3~^x ■ x = 7/3~^x, 7~^a; ■ (3'y~^x = x (Case 2); 
equality ax ■ f3x = x in the form x ■ f3a~^x = a~^x, a(3~^x ■ x = (3~^x (Case 3). 

Corollary 2.17. 1. Let (Q,-) be a left loop. 

(a) If {a, e, 7) G Avt{Q, ■), then al ■ x = 'jx for all x E Q, i.e. 7 = L^i. 
(h) If{e,f3,j)eAvt{Q,-), then (3 = J. 

(c) If {a, (3, e) G Avt{Q, ■), then al ■ f3x = x for all x E Q, i.e. f3 = L^l. 
2. Let {Q, •) be a right loop. 
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(a) If (a, e, 7) G Avt{Q, ■), then = 7. 

(b) If {e, (3, 7) G Avt{Q, ■), then x ■ (31 = -^x for all x & Q, i.e. 7 = 

(c) If (a, /3, e) G At>t(Q, ■), i/ien ax ■ [31 = x for all x E Q, i.e. a = R~j^l. 

3. Let {Q, ■) be an unipotent quasigroup. 

(a) If (a, e, 7) G Avt{Q, ■), then ax ■ x = 7I /or all x E Q, i.e. a = P^i . 

(b) If (e, /3, 7) G Avt{Q, ■), then x ■ f3x = •yl for all x E Q, i.e. (3 = P^i. 

(c) If (a, /3, e) G Avt{Q, ■), then a = [3. 

Proof. The proof follows from Lemma 12.141 and Remarks 11.61 and 11.81 

In Case 3(c) we have. If (Q, ■) is an unipotent quasigroup and (a, /?,£:) G Avt{Q,-), then 
ax ■ [3x = 1 for all x E Q, i.e. (3 = Pia. But in unipotent quasigroup Pi = e. □ 

Theorem 2.18. 1. Let {Q, ■) be a loop. 

(a) If (a, e, 7) G Avt{Q, ■), then a 

(b) //(e,/3,7) eAvt{Q,-), then P 

(c) If {a, l3,e) e Avt{Q,-), then a 

2. Let (Q,-) be an unipotent left loop. 

(a) If {a,e,'y) E Avt{Q,-), then a 

(b) If {e, 13, 7) G Avt{Q, ■), then /3 

(c) If (a, /3, e) G Avt{Q, ■), then a 

3. Let {Q, ■) be an unipotent right loop 

(a) If (a, e, 7) G Avt{Q, ■), then a 

(b) If (e, /3, 7) G Avt{Q, ■), then /3 

(c) If (a, /3, e) G Avt{Q, ■), then a 

Proof. Case 1(c) is well known. See for example [S2]. From Corollary 12.171 it follows that in 
loop case a = R^l and (3 = L~l for any autotopy of the form (a, (3, e). If G iN:^{Q, ■), then 
Ra G iN:^{Q,-), since iA^^((5, ■) is a group. Therefore in loop case any autotopy of the kind 
(a,/3,e) takes the following form 

{Rpi,La,i,e) (16) 

Taking into consideration equality (ITB]) and the fact that iN:l^{Q,-) is a group we have: if 
Ra, Rb G iiV^((5, ■), then RaRb = Rc- Thus RaRbl = Rc^, c = b-a. 

We find now the form of inverse element to the element Ra G iN[^{Q, ■). Notice, if = Rb 
for some b & Q, then i?ai?b = Rb-a = e = Ri. Then 6 ■ a = 1 and since any right (left, middle) 
quasigroup translation is defined in an unique way by its index element we have b = ~^a. From 
the other side RbRa = Rab = £ = Ri, b = a~^. Therefore in this situation = for any 
suitable element a E Q, R~^ = -R(-ia) = Ra-^- 

Similarly we can obtain that = i^(-ia) = La~i for any La G 2N^{Q, ■), where (Q, ■) is a 
loop. 

In loop {Q, ■) from equality ax ■ f3y = x ■ y hy x = y = 1 we have al ■ (31 = 1. Then 
(31 = (al)-^, al = -^{(31). Moreover, we have that (31 = '\al), al = (/31)"S = R~l 



1 = Lai. 
7 = Rpi- 

'■ Rpi, (3 = L^l 



Pal, 7 — Lai- 



7 = 



7l- 



7 



P-^ 



P^i\ 7 



R 



131- 



/3 



Rpl. 
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Finally we obtain that any element of middle loop A-nucleus has the form 



iRb,L-\e). (17) 
It is easy to see that {Rai, L'^l, s) E al E Nm- 

Case 2(a). From Corollary 12.171 it follows that in unipotent left loop a = P^^ = -PqTA, 
7 = Lai- 

In unipotent loop any left A-nucleus autotopy (a, £,7) takes the following form 

(P-/,£,L,1) (18) 

It is clear, if {P~^^,e, Lai) £ N^, then any element of the group Nf^ has the form (P-yi, e, L~l). 
We find now the form of inverse element to the element Pa G iNf^{Q, ■). 

At first we have: if Pa,Pb G iNi^{Q,-), then PaPb = Pc for some element c E Q. Thus 
PaPftl = Pel- If Pel = d-, then 1 ■ d = c, c = d. Therefore Pah = c, b ■ c = a, c = b\a. 

Notice, if Pa^ = Pb for some b E Q, then PaPb = Pb\a = e = Pi since (Q, ■) is unipotent 
quasigroup. Since any right (left, middle) quasigroup translation is defined in an unique way by 
its index element, then b\a = l,a = 6- l,6 = a/l. From the other side PbPa = Pa\b = £ = Pi, 
a\b = 1, b = a ■ 1. Thus, if {Q, ■) is a left unipotent loop, then a/1 = a ■ 1 for any element a E Q 
such that Pa E iN/^iQ, ■)• Then p-^ = P„/i = P^.i, Pa = P^l, a = P^i\ = Pai- And we obtain 
that any element of left A-nucleus of an unipotent left loop has the form 

{Pal, e, Lai) (19) 

Case 3(b). From Corollary 12.171 it follows that in unipotent right loop /3 = Pi.pi, 7 = P^i. 
Further we can do as in Case 2(a) but we shall use parastrophic ideas. 

It is easy to see that any unipotent right loop (Q, o) is (12)-parastrophic image of a unipotent 
left loop (Q, ■) (Table 2). In this case iN/^{Q, o) = 2N^iQ, ■), sN/^iQ, o) = sN.'^iQ, ■) (Table 3). 

From formula f[T^ it follows that any element of unipotent right loop right A-nucleus has 
the form 

{e,Ppi,L-pi) (20) 

Finally, the use of Table 1 gives us that in terms of translations of unipotent right loop {Q, ■) 
we have that any element of right A-nucleus of an unipotent right loop {Q, o) has the form 

ie,P^,\R^i) (21) 

□ 

Remark 2.19. In fact from Theorem 12.181 it follows that in loop case Belousov's concept of 
regular permutations coincides with the concepts of left, right, and middle A-nucleus P ^ ITT t lTD]. 



2.4 A-nuclei of loops by isostrophy 

Taking into consideration the importance of loops in the class of all quasigroups we give some 
information on A-nuclear components of isostrophic images of a loop. From Table 2 it follows 
the following 

Remark 2.20. The (12)-parastrophe of a loop {Q, ■) is a loop, (13)-parastrophe of a loop {Q, ■) 
is an unipotent right loop, (23)-parastrophe of a loop {Q, ■) is an unipotent left loop, (123)- 
parastrophe of a loop {Q, ■) is an unipotent left loop, (132)-parastrophe of a loop {Q, ■) is an 
unipotent right loop. 
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Taking into consideration Theorem l2.18t Tables 1 and 3 we can give more detailed connections 
between components of A-nuclei of a loop (Q, •) and its isostrophic images of the form (Q, o) = 
(Q, •)(('7)(«,/3,7)), where a G S'3, a,/3,7 G Sq. 

Example 2.21. If (Q, o) = (Q, ■)((123)(a, /3, 7)), then from Table 3 we have 2N^{Q,o) = 
f3~^iN^f3{Q, ■). By Theorem 12.181 anv element of the group iN^{Q, ■) is some right translation 
Ra of the loop (Q, ■)• 

If, additionally, P = e, then using Table 1 and Remark I2.2UI we can say that in the unipotent 
left loop {Q, o) any element of the group 2Nf{Q, o) is middle translation P~^. 

In Table 4 (Q, o) = (Q, ■)((a")(a, /3, 7)), where (Q, ■) is a loop. We suppose that elements 
of left, right and middle loop nucleus have the following forms {La,e,La), {e,Ri„Rb), and 
{Rc,L~^,e), respectively. 

Table 4 







((12), T) 


((13), T) 


((23), T) 


((132), T) 


((123), T) 


iNi 




a^^Rf^a 




a^^R'^a 




a^^R'^a 












T^Rc-1 


l'^Rh-1 














(3-^R,P 








T^R-n 


T'R,1 












a^^R'^a 










r'(i:')73 








p-'R,P 





2.5 Isomorphisms of A-nuclei 
Lemma 2.22. In any quasigroup {Q, o) we have 

= {{a,€,RcaR-^) \ for allc e Q} = {{R-^-fRc,€,-f) \ forallceQ} (22) 

= {{e,(3,L^/3L-^) \ for allc e Q} = {{e, L-^^L,,^) \ forallceQ} (23) 
N^ = {{a,P^aP-\e) \ for allc e Q} = {{P-^(3P^, I3,e) \ forallceQ} (24) 

Proof. Re- write left A- nuclear equality ax o y = '-f[x o y) in the following form RyOX = 'yRyX, 
7 = RyaRy^ for all y e Q. 

Re-write right A-nuclear equality x o Py = 7(x o y) in the following form L^/Sy = 'yL^y, 
7 = L^PL~^ for all x eQ. 

In middle A-nuclear equality ax o Py = x o y we put y = x' , where xo x' = a and a is a fixed 
element of the set Q, i.e. x' = PaX, where Pa is a permutation of the set Q. 

Then ax o = x o x' = a for all x e Q, Paax = Px' = pPaX. Therefore /3 = PaaP^^ for all 
aeQ. □ 

Lemma 2.23. If K is a subgroup of the group iNf" , then K = H <Z ■^Nf" , moreover H = 
RxKR~^ for any x E Q. 

If K is a subgroup of the group 2^^, then K = H <Z -^N^, moreover H = L^KL^^ for any 
X eQ. 

If K is a subgroup of the group iN^, then K = H <Z 2^^, moreover H = PxKP~^ for any 
X eQ. 

Proof. The proof follows from Lemma I2.22[ □ 
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Lemma 2.24. In any quasigroup {Q, o) the groups Nf", iNf^ and ^Nf^; N^, iN^ and 2^^; N^, 
and ^N^ are isomorphic in pairs. 

Proof. The proof follows from Lemma 12. 231 □ 

Theorem 2.25. In any quasigroup: 

1. liV;^ = 3iV,^ tf and only %f RM C Ns^{iN^); 

2. ^N^ = 3iV,^ if and only if RM C Ns^{:,N^); 

3. ^N^ = ^N^ if and only if LM C Nsq{2N^); 
I 2N^ = ^N^ if and only if LM C Nsq{;N^); 

5. liV^ = 2Ni if and only if PM C Ns^{iN^); 

6. liV^ = 2Ni if and only if PM C iV^JaiV^). 

Proof. Case 1. If iN^^ = sN(^, then from Lemma [223 it follows that Rc G Nsq{iN{^) for any 
ce Q. Since NsgdNf) is a group, further we have that RM C NsgiiNf-). 

Converse. Let a e iN{^. Then by Lemma^M RcCeR'^ G ^N/^. But RM C Ns^iiN^). 
Then R^aR-^ = (3 e iN^. Thus ^N^ C ^N^. 

Let 7 G -iN^. Then by Lemma [223] i^^W^c G iN(^. But RM C Nsq{iN(^). Then 
RcR-^-fRcR-^ = 7 G iN{^. Thus sA^";^ C ^N^. Therefore liV,^ = giV,-^- 

Cases 2-6 are proved in the similar way. □ 

Moreover we can specify Theorem 12.251 

Theorem 2.26. 1. In the group Nf" of a quasigroup {Q, o) the first and third components of 
any element T G A^";^ coincide if and only if (i) RM{Q, o) C CsgiiNf-) . 

2. In the group of a quasigroup (Q, o) the first and third components of any element 
T G coincide if and only if RM{Q, o) C CsQisN^^)- 

3. In the group N.^ of a quasigroup {Q, o) the second and third components of any element 
T G N,f coincide if and only if LM{Q, o) C CsQi2N^)- 

4- In the group N,^ of a quasigroup {Q, o) the second and third components of any element 
T G coincide if and only if LM{Q, o) C Csq{3N^)- 

5. In the group of a quasigroup {Q, o) the first and second components of any element 
T e coincide if and only if PM{Q, o) C Csq{iN^). 

6. In the group of a quasigroup {Q, o) the first and second components of any element 
T e coincide if and only if PM{Q, o) C Csq{2N^). 

Proof. 

The proof follows from Lemma 12.231 □ 

Corollary 2.27. 1. If {Q, ■) is a right loop, then first and third components of any element 
T G A^;^ coincide and iN^ = ^N^^ = Csq(\^) = Csq{RM). 

2. If {Q, ■) is a left loop, then second and third components of any element T G coincide 
and 2N^ = = Cs^{l^) = Cs^{LM). 
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3. If {Q, ■) is an unipotent quasigroup, then the first and second components of any element 
TeN^ coincide and iN^^ = = C5q(P) = Csq{PM). 

4. If (Q,-) IS a loop, then ^N^ = gA^^^ = Cs^iR) = Csq{RM) = Cm{RM) = Cfm{RM); 
2N^ = ^N^ = Cs^m = Csq{LM) = Cm{LM) = Cfm{LM). 

5. If (Q, ■) IS an umpotent left loop, then = sNf = Csq^ = Csq{LM) = Cplm{.LM) 
= Cfm{LM); liV^ = = Csq{^) = Csq{PM) = Cplm{PM) = Cfm{PM). 

6. If{Q, ■) IS an umpotent right loop, then iN^ = ^N^^ = CsgiR) = Csq{RM) = Cprm{,RM) 
= Cfm{RM); liV^ = 2iV^ = C5q(P) = Csq{PM) = Cprm{PM) = Cfm{PM). 

Proof. Case 1. The proof follows from Lemma [2.231 In a right loop (Q, o) there is right identity 
element 1. Then Rc = e,ii c= 1. Thus 7 = RcQ.R~^ = a. See also Corollaries 12.171 and 12.18] 
From equality Rca = aRc that is true for all c G Q and for all a G iNf^ we conclude that 

Prove that C5g(]R) C lA*";"^. We rewrite the proof from ([39], Lemma 2.6). Any element ip 
of the group (^^^(IR) fulfils equality ifjRyX = Ryipx, i.e. ip{xy) = ip{x) ■ y, i-e. (■?/',£,'?/') G Nf". 
Therefore ^^^(M) C ^N^, ^N^ = Csq{R). Equality C5q(M) = Csq{RM) is true since (M) = 
RM. 

Case 2 is mirror of Case 1 and we omit its proof. 

Case 3. From equality Pea = aPc (Lemma 12. 23p that is true for all c G Q for ^ i^m 
we conclude that lA^"^ C Csq(P). 

Any element ip of the group CsgiJP) fulfils equality ipPyX = Pyipx = z. If '\l)PyX = z, then 
X ■ ip~^z = y. If Pyipx = z, then ipx ■ z = y. Then x ■ ip'^z = ipx ■ z, {ip^ ip, e) G N^. Therefore 
Csq{^) C iN^. Thus iN^ = Csq{^). Equality Csq{^) = Csq{PM) is true since (P) = PM. 

Case 4. Equality ^^^(M) = Csq{RM) follows from the fact that (R) = RM. 

Equality Csq{RM) = Cm{RM) follows from the fact that lA^,^ C M and RM C M since in 
loop case any element of the group Nf" has the form {Lc,e,Lc) (Corollary 12.181) . 

Equality Cm{RM) = Cfm{RM) follows from the fact that Cm{RM) = Csq{RM), M C 
FM C Sq, iN^ C FM and RM C FM. 

The proofs of Cases 5 and 6 are similar to the proof of Case 4. □ 

Remark 2.28. 1. From equality Rca = aRc (Corollary [223 Case 1) that is true for all c G Q 
and for all a G lA";^ we can do some additional conclusions: M C (75^(0;); M C CsQiiNf-); 
RM{Q) C Cs^(a); RM{Q) C Cs^i^N/"). 

2. From equality Lc(3 = (3Lc (Corollary 12. 27^ Case 2) that is true for all c G Q and for all 
f3 G 2-/V^ we can do some additional conclusions, namely: L C Csq{(3)] L C Csq{2N^)] 
LM{Q) C C5J/3); LM{Q) C Cs^{2N^). 

3. From equality Pea = aPc (Corollary I2.27[ Case 3) that is true for all c G Q and for all 
a G lA^^ we can do some additional conclusions, namely: P C 6*5^ (a); P C Csq{iN^)] 
PM{Q) C Cs^ia); PM{Q) C Cs^i^N^). 

2.6 A-nuclei by some isotopisms 

Mainly we shall use Lemma fl.22l pTl Lemma 1.4]: if quasigroups {Q, o) and {Q, ■) are isotopic 
with isotopy T, i.e. (Q, o) = (Q, ■)T, then Avt{Q, o) = T-^Avt{Q, ■)T. 

Lemma 2.29. For any quasigroup {Q, ■) there exists its isotopic image {Q, o) such that: 
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1. any autotopy of the form (a, £,7) of quasigroup (Q,-) is transformed in autotopy of the 
form (7, e, 7) of quasigroup {Q, o); 

2. any autotopy of the form (a, £,7) of quasigroup (Q, ■) is transformed in autotopy of the 
form {a,e,a) of quasigroup {Q,o); 

3. any autotopy of the form {e,f3,'y) of quasigroup (Q,-) is transformed in autotopy of the 
form {e,f3,f3) of quasigroup {Q,o); 

4- any autotopy of the form {e,f3,j) of quasigroup (Q, ■) is transformed in autotopy of the 
form {e, 7, 7) of quasigroup {Q, o); 

5. any autotopy of the form {a,/3,e) of quasigroup (Q, ■) is transformed in autotopy of the 
form {a,a,e) of quasigroup (Q,o); 

6. any autotopy of the form {a,P,6) of quasigroup {Q,-) is transformed in autotopy of the 
form {(3,f3,e) of quasigroup (Q,o). 

Proof. Case 1. If (Q, o) = (Q, ■){R~^,e,e), where element a is a fixed element of the set Q, 

then {Q, o) is a right loop (Corollary II. 151) . 

By Lemma ri.22t if quasigroups {Q, o) and (Q, ■) are isotopic with isotopy, then Avt{Q, o) = 
Avt{Q , ■)T . Then autotopy of the form (a, 5,7) of (Q, ■) passes in autotopy of the form 

{RaaR-^,e,-f). 

In any right loop any element of the group Nf^{Q, o) has equal the first and the third com- 
ponents, i.e. it has the form (7,5,7) (Corollary 12.171) . 

Case 2. We can take the following isotopy (Q, o) = (Q, ■)(£, e, -Ra)- In this case (Q, o) is a 
right loop. 

Case 3. We can take the following isotopy (Q, o) = (Q, ■)(£, e, La)- In this case (Q, o) is a 
left loop. 

Case 4. We can take the following isotopy (Q, o) = {Q^ ■)[e, ,e). In this case (Q, o) is a 
left loop. 

Case 5. We can take the following isotopy {Q,o) = {Q, ■){e, Pa,e). In this case (Q, o) is an 
unipotent quasigroup. 

Case 6. We can take the following isotopy {Q, o) = (Q, ■){P^^,e,e). In this case {Q, o) is an 
unipotent quasigroup. □ 

Corollary 2.30. For any quasigroup (Q, ■) there exists its isotopic image (Q, o) such that: 



1. 




= 3iV,^(Q,o) 


= zN^iQ: 


2. 




= 3iv,^(g,o) 


= lN^{Q: 


3. 


2iV.^(Q,o) 


= 3iV,^(Q,o) 


= 2N^{Q: 


I 




= 3Nf{Q,o) 


= sNfiQ., 


5. 




= 2N^iQ,o) 


= iN^iQ, 


6. 




= 2KiiQ,o) 


= 2KiiQ: 



Proof. The proof follows from Lemma 12.291 □ 
Isotopy of the form {R~^,L~^,e) is called LP-isotopy (Definition I1.17p . 



Lemma 2.31. 1. Let (Q,-) be a loop. If{Q,o) = {Q, ■){R-\ L^\e), th 



en 
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(i) N^{Q,o)=N,\Q,.), 
(tt) N^{Q,o)=N^{Q,.). 

2. Let {Q, ■) be an unipotent right loop. If {Q, o) = (Q, ■)(£:, P^, i?^), then 

(t) Nf{Q,o)=N^{Q,.), 
(tt) iy^(Q,o)=iV^(Q,.). 

3. Let (Q,-) be an unipotent left loop. If {Q,o) = {Q,-){P~^,e,Lb), then 

ill) iV^(Q,o)=iV^(Q,.). 

Proof. In this case (Q, o) is a loop. 

Case 1, (i). Let {Lc,e,Lc) G Nf^{Q,-). By the isotopy any element of the group Nf^^Qjo) 
has the form {RaLcR~^, e, Lc). Since {Q, o) (or {Q, •)) is a loop, then RaLcR~^ = Lc, Nf^i^Q, ■) C 
N^{Q, o). Inverse inclusion is proved in the similar way. Therefore Nf^{Q, ■) = Nf^{Q, o). 

Case 1, (ii) is proved in the similar way with Case 1. 

Case 2 is " (13)-parastrophe image" of Case 1. In this case (Q, o) is an unipotent right loop 
(Theorem II. ISp . The forms of components of left nucleus and middle nucleus of unipotent right 
loop are given in Theorem 12. 181 

Further proof of Cases 2, (i) and 2, (ii) are similar with the proof of Case 1, (i) and we omit 

it. 

Case 3 is " (23)-parastrophe image" of Case 1. □ 
Notice, also it is possible to see on Case 3 as on " (12)-parastrophe image" of Case 2. 

2.7 Quasigroup bundle and nuclei 

Definition 2.32. Let {Q, o) be a quasigroup. 

Denote the set of all elements of the form L^L^^ , where L^, are left translations of {Q, o), 
by M^. 

Denote the set of all elements of the form RcR'^^ , where Rc, Rd CL^e right translations of 
iQ,o),byMj,. 

Denote the set of all elements of the form P(.P^^ , where Pc, Pd ore middle translations of 
(Q,o), by My. 

Further denote the following sets = {L^^L^ | a, 6 G Q}, = {R^^Rd \ a,b E Q}, 
M*y = {P-'Pd I a,beQ}. 

It is clear that in any quasigroup C LM, C LM, Mji C RM, C RM, My C PM, 
M; C PM. 

Notice that (L^L-^)-^ = LdL-\ Therefore (M^)"^ = M^, (Mji)-^ = Mji and so on. 

Remark 2.33. It is clear that C LM{Q,-). Then from Definition OS] it follows that 
CsgiMc) ^ CsqLM{Q, ■) and so on. 

In [84j the set of all LP-isotopes of a fixed quasigroup (Q, ■) is called a bundle of a quasigroup 

(Q,-). 

Remarlc 2.34. If \Q\ = n, then by Lemma OQ] any of the sets Mc, M^, My, M^, M^, and 
can contain n (not necessary different) simply transitive subsets of order n, that correspond to 
the sets of left, right and middle translations of corresponding loops, unipotent left loops and 
unipotent right loops of a quasigroup {Q, ■). 
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Theorem 2.35. In any quasigroup [Q, ■) 



(1) iiV,^(g,-) C Cs^iM*^) (2) 3iV,^(g,-) C Cs^iMj,) 
(3) 2KHQr) C C5^(M2) (4) sNfiQ,.) C Cs^iM,) 
(5) iiV^(g,-) C C5,(M;) (6) 2iV^(g,-) C Cs^iMy) 

Proof. Case 1. From Lemma fl .241 it follows that in any autotopy (a, e, 7) of a quasigroup {Q, o) 
permutations a and e uniquely determine permutation 7. Therefore from Lemma 12.231 in this 
case RcaR~^ = RaaR^^, a = R'^R^aR^^Rc = R~^ RdOi{R~^ Rd)~^ for all c,d G Q. 
Case 2 is proved in the similar way. 

Case 3. From Lemma 11.241 it follows that in any autotopy {e, (3, 7) of a quasigroup {Q, o) 
permutations e and /3 uniquely determine permutation 7. Therefore from Lemma 12.231 in this 
case L,/3L-i = LdPL-\ (5 = L~^Ldf3L-/L, = L-^Ldf3{L-^Ld)-^ for all c.deQ. 

Case 4 is proved similarly. 

Case 5. From Lemma [1.241 it follows that in any autotopy of a quasigroup (Q, o) 

permutations /3 and e uniquely determine permutation a. Therefore from Lemma [2.231 in this 
case PcaP-^ = PdaP^^ a = P-^PdaP;[^Pc = P-^ Pda{P-^ PdY^ for all c,deQ. 

Case 6 is proved similarly. □ 

Corollary 2.36. 1. In any right loop {Q, ■) 

(a) ,N{'{Q,-)CCsqRM{Q,-), 

(b) ,N{'{Q,-)CCsqRM{Q,-). 

2. In any left loop {Q, ■) 

(a) 2N^{Q^-)<^CsqLM{Q,-), 
(h) ,N^{Q,-)<ZCs^LM{Q,-). 

3. In any unipotent quasigroup (Q,-) 

(a) ,N^iQ,-)CCsQPMiQ,-), 

(b) ,N^{Q,-)<ZCs^PM{Q,-). 

Proof. Case 1, (a). Since any right loop (Q, ■) has right identity element 1, then Ri is identity 
permutation of the set Q. Therefore the set contains any right translation of this right loop 
(Q, ■)■ It is clear that in this case Csq^ ^ C5q(M3j) D CsqRM. But C^^M = CsqRM since 
(M) = RM. Then Csq{M*^) = CsqRM. 

All other cases are proved in the similar way. □ 

Corollary 2.37. Let x o y = R-^x ■ y for all x,y e Q. Then iN{^{Q,-) C Csq(^{Q,o)); 
sN,^{Q,-)^Cs^{R{Q,o)). 

Letxoy = X- L^y for all x,y G Q. Then 2N^{Q,-) C Csq{HQ.°)); zN^{Q,-) C 

2.8 Action of A- nuclei 

Theorem 2.38. Any of the groups iNf", z^f", iN^, 2^:^, 2^^ and ^N^ of a quasigroup (Q,-) 
acts the set Q free (semiregular) and in such manner that stabilizer of any element x E Q by this 
action is the identity group, i.e. \ iN{^x\ = \ sN/^xl = \ 2N^x\ = \ sN^xl = \ iN^x\ = \ sN^xl = 1- 
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Proof. By Theorem 11.261 any autotopy (a, /3, 7) {{a, /3, 7) = (ai, a2, a^) ) is uniquely defined by 
any autotopy component ai, i G {1, 2, 3}, and by element b = aja, i 7^ j. By definition of lA^";"^ 
any element a of the group iNf^ is the first component of an autotopy of the form (a, e, RcOiR~^) 
(Lemma [223]). 

In order to apply Theorem 11.261 to the group Nf- we take i = 2 (in this case (3 = e for any 
T G A^";^). And in fact any left nuclear autotopy T is defined by the image aa of a fixed element 
a G Q by action of the permutation a G lA^;"^. 

Therefore, if ai,a2 G iNf^, then aix 7^ for any x E Q, i.e. lA^;"^ acts on the set Q free 
(fixed point free), or equivalently, if a{x) = x for some x E Q then a = e. 

If aa = f3a for some G lA"^"^, a E Q, then f3~^ax = x, I3~^a = e. Therefore | lA";'^^;! = 
I oA^,^ I = I ^N^ I = I oA^^ I = I iA^^ I = I oA^^ 1 = 1 □ 

Corollary 2.39. If H is a subgroup of the group iNf" (sNf-, iN;^, 2N^, 2N^ and sN^), then 
the group H acts on the set Q free and in such manner that stabilizer of any element x E Q by 
this action is the identity group. 

Proof. The proof follows from Theorem 12.381 □ 



Corollary 2.40. In any finite quasigroup {Q, ■) the orders of orbits of the group iNf- (^Nf , 
u 

(^N^, 2Nt 2N^ and ^N^), respectively. 



\_N^, 2^^, 2^^ and sN^) by its action on quasigroup {Q, •) are equal with the order of the group 



Proof. By Theorem 12381 1 lA^^^^^I = 1 for any x in Q. □ 

Remark 2.41. For infinite case we can re-formulate Corollary 12.401 in the language of bijections. 
For example, there exists a bijection between any orbit of the group lA";"^ by its action on 
quasigroup (Q, ■) and the group lA";"^. And so on. 

Corollary 2.42. In any finite quasigroup {Q, ■) the order of any subgroup of the group Nf' (N^, 
N^, iN^, sNi^, iN^, 2N^, and aN^) divide the order of the set Q. 

Proof. We can use Corollaries I2.39[ 12.401 and Lagrange Theorem |38] about order of subgroup 
of any finite group. □ 

Corollary 2.43. In any finite quasigroup (Q, ■) we have \N^\ ^ \Q\, \N^\ < \Q\, \N^\ ^ \Q\, 
liAT^^I ^ \Q\, UN/"] ^ \Q\, liA^^I ^ \Q\, \2N^\ ^ \Q\, ^N^^] ^ \Q\ and UN^f\ ^ \Q\. 

Proof. The proof follows from Corollary I2.42[ □ 

Lemma 2.44. If the order of a quasigroup {Q, ■) is equal to the order of the group Nf", then the 
orders of all groups N^, N^, iNf", ^Nf", iN:^, 2N^, 2Nf and ^N^ are equal to \Q\. 

Proof. It is clear that the order of a quasigroup {Q, ■) is invariant relative to the parastrophy. I.e. 

\{Q, ■)\ = \{Q, -Yl, for any a E S^. From Table 3 it follows that {N{^Y^^^ = N^, {N^)^^^^ = N^- 
Therefore \Ni^\ = \N^\ = \N^\ = \Q\. Further we can apply Lemma [2.231 □ 

Remark 2.45. Analogs of Lemma [2.441 are true for any group from the following list: N^, N^, 

^N^, sNi^, lAT^, 2N^, 2N^ and ^N^. 

Corollary 2.46. 1. If{Q, ■) is finite right loop, then \Csq{FM)\ < \Csq{M)\ < \Csq{RM)\ < 

\Q\- 

2. IfiQ,-) ^s finite left loop, then \Csq{FM)\ < \Csq{M)\ < \Csq{LM)\ < \Q\. 
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3. If (Q,-) is finite unipotent quasigroup, then \Csq{FM)\ < \Csq{PM)\ < \Q\. 

Proof. Case 1. Inclusions FM ^ M D RM follow from definitions of these groups. Therefore 
ICsgiFM)] < ICsgiM)] < ICsgiRM)]. Inequality ICsgiRM)] < \Q\ follows from Corollaries 
[22Z1 and [2231 

Cases 2 and 3 are proved similarly. □ 

Example 2.47. We give an example of a loop with = {0, 1}. Notice this nucleus is not a 
normal subloop of loop {Q, *). Indeed, 5{0, 1} = {5, 3}, {0, 1}5 = {5, 4}. 

Then iN^ = {e,Ri}, where Ri = ( 1 ) ( 2 4 ) ( 3 5 ), = {e,L^^}, where Li = L^^ = 
(01) (23) (45). The group iN^ by action on the set Q has the following set of orbits 
{{0, 1}, {2, 4}, {3, 5}}, and the group has the following set {{0, 1}, {2, 3}, {4, 5}}. 
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2.9 A-nuclear quasigroups 

We start from theorem which is a little generalization of Belousov Regular Theorem [TH Theorem 
2.2]. In [531 El] Kepka studied regular mappings of groupoids including n-ary case. 

Theorem 2.48. 1. If an orbit K by the action of a subgroup H of the group iNf- on a 
quasigroup {Q, ■) is a subquasigroup of {Q, ■), then {K, ■) is an isotope of the group H . 

2. If an orbit K by the action of a subgroup H of the group ■^Nf' on a quasigroup [Q, ■) is a 
subquasigroup of {Q, ■), then {K, ■) is an isotope of the group H. 

3. If an orbit K by the action of a subgroup H of the group 2^^' on a quasigroup {Q, ■) is a 
subquasigroup of {Q, ■), then {K, ■) is an isotope of the group H. 

4- If an orbit K by the action of a subgroup H of the group ^N^ on a quasigroup {Q, ■) is a 
subquasigroup of {Q, ■), then {K, ■) is an isotope of the group H. 

5. If an orbit K by the action of a subgroup H of the group iN^ on a quasigroup {Q, ■) is a 
subquasigroup of {Q, ■), then [K, ■) is an isotope of the group H. 

6. If an orbit K by the action of a subgroup H of the group 2^^ on a quasigroup {Q, ■) is a 
subquasigroup of {Q, ■), then {K, ■) is an isotope of the group H . 

Proof. Sometimes in the proof we shall denote by the symbol * operation of composition of 
permutations (of bijections) of the set Q. 

Case 1. Let k & K. By Lemma [2.291 for any quasigroup (Q, ■) there exists its isotopic image 
(Q,^) = (Q, ■)(£,£, /2fc) such that: iN^{Q,i<) = sN/^iQ,*) = iN{^{Q,-). Notice by isotopy of 
such form {k G K) subquasigroup {K, ■) passes in subquasigroup {K,-k) of quasigroup (Q,*). 

Moreover in right loop {Q, -k) any autotopy of the form (a, e, 7) of quasigroup {Q, ■) takes the 
form {a,e,a). Therefore H C iNf^^Qj-k). 

We follow p!41 Theorem 2.2]. In this part of the proof we "are" in right loop (Q,*). 
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Any element I ^ K it is possible to present in the form / = 5k, where 6 E H C iNi. Notice 
k = ek. If / = 5k, r = Xk, then 5k-k Xk E K since {K,-k) is a subquasigroup of quasigroup (Q,^). 
Thus there exists fi E H such that 5k-k Xk = ^k since Hk = K. 

On the set H we can define operation o in the following way: 5 o X = if and only if 
5k-k Xk = fik. 

Prove that 

{H,o)^{K,^) (25) 

Define the map ip in the following way: : A Xk, if {5 o A) = (f{5) *v^(A) = 5k-k Xk. The map 
ip is bijective, since action of the group of permutations H C ^Nf" on the set K is regular (i.e. 
it is simply transitive). Therefore {H, o) = [K,-k). 

Let a,X,^ G H. Notice, corresponding permutation to the permutation a from the set 
3Nf^(Q,-k) also is permutation a (Lemma 12. 29p . From definition of the set K we have aK = K. 
Indeed aK = a{Hk) = {aH)k = Hk = K. 

Then restriction of the action of the triple {a,e,a) G Nf^{Q,'k) on subquasigroup {K,'k) C 
(Q,*) is an autotopy of subquasigroup {K,'k). We have a{{Xofj,)k) = a^Xk-kfik) = {aX)k'kfik = 
((aA) o fi)k. 

Therefore we obtain 

a(A o yu) = («A) o /i (26) 
If we put in equality fl26|) X = e, then we obtain a{e o ^) = a o ^. 

Since {H, o) is a quasigroup, e E H, then the mapping L°, L°fi = e o /i for all yU G if is a 
permutation of the set H. Then 

a * L°jj, = ao n (27) 

where * is operation of the group H, i.e. it is composition of bijections of the set Q. 

Then from equality (l27|l we conclude that quasigroup {H, o) is isotopic to the group (if, *), 
i.e. {H, o) ~ (ii, *), {H, o) = (ii, *)(£, L°, e). 

Further we have 

(ii,*)~ (ii,o)^(ir,^)~(ir,.) (28) 

Case 2. The proof of Case 2 is similar to the proof of Case 1 and we omit it. 

Case 3. In the proof of Case 3 instead of equality fl26|) we obtain the following equality 



/3 * (A o yu) = A o (/3 * /i) (29) 
where /3, A, /i G if C 2^^. If we put fi = e, then we have /3 * A' = A o /3. Notice, since (if, *) is a 

(12) 

group, then its (12)-parastrophe (if, * ) also is a group. Therefore quasigroup (if, o) is isotopic 
to a group. 

Case 4. The proof of this case is similar to the proof of Case 3. 

Case 5. In this case equality f l26p is transformed in the following equality 

(a * A) o (a * yu) = A o /i (30) 

In this case if C iN^. If we put in equality (130|) fi = e, then we have (a * A) o a = A', and using 
operation of left division of quasigroup (if, o) further we obtain X' /a = a * X. 

(12) 

If we take (12)-parastrophe of the operation /, then we obtain a / X' = a * X. In fact the 

(12) 

operation / is (132)-parastrophe of the operation o. 

(132) 

Therefore quasigroup (if, o ) is a group isotope. Then quasigroup (if, o) also is group 
isotope as a parastrophe of a group isotope (Lemma ll.2ip . 

Case 6. The proof of this case is similar to the proof of Case 5. □ 



26 



From Theorem 12.481 we obtain the following 



Theorem 2.49. // an orbit K by the action of the group iN^ UNf", 2N^, ^N^, i^m; ^N:^) on 
a quasigroup {Q, ■) is a subquasigroup of {Q, ■), then {K, ■) is an isotope of the group iNf- (zNf' , 
2N^, sN^, iK;^, 2N^), respectively. 

Proof. This theorem is partial case of Theorem ICTl In Case I H = iN{^ and so on. □ 

Theorem 2.50. The group iNf- (sNf-, 2N^, ^N^, iN^, 2N:^) of a quasigroup (Q, ■) acts on 
the set Q simply transitively if and only if quasigroup {Q, ■) is a group isotope. 

Proof. If the group iN^ of a quasigroup {Q, ■) acts on the set Q simply transitively, then by 
Theorem (Q, ■) ~ i A^^^- 

Let {Q, ■) ~ {Q, +). Prove, that in this case the group iNj^{Q, ■) acts on the set Q simply 
transitively. Any element of left A-nucleus of the group {Q,+) has the form for all 

a E Q. The group iN^{Q, +) acts on the set Q simply transitively. 

If (Q, ■) = (g, +)(«, /3, 7), then iN^{Q, ■) = iN^iQ, +)a (Lemma 03). 

Let a,b E Q. Prove that there exists permutation ip G iN^{Q, ■) such that ipa = b. We can 
write permutation ip in the form a~^L^a. Since the group iN^{Q, +) is transitive on the set 
Q, we can take element x such that L^aa = ab. Then ipa = a~^L^aa = a~^ab = b. 

The fact that action of the group lA";"^ on the set Q is semiregular follows from Theorem 

Other cases are proved in the similar way. □ 

Definition 2.51. A-nuclear quasigroup is a quasigroup with transitive action of at least one 
from its components of A-nuclei. 

Definition 12.511 is a generalization of corresponding definition from [13] . 

Corollary 2.52. // at least one component of a quasigroup A-nucleus is transitive, then all 
components of quasigroup A-nuclei are transitive. 

Proof. The proof follows from Theorem 12.501 □ 
We can reformulate Theorem 12.501 in the following form. 

Theorem 2.53. A quasigroup is A-nuclear if and only if it is group isotope. 

We give slightly other proof of Lemma 12.441 

Lemma 2.54. // the order of a finite quasigroup {Q, ■) is equal to the order of the group iNf-, 
then the orders of groups N^, Nf-, Nf", ^Nf", iN:^, 2N^, 2Nf- and ^N^ are equal to \Q\. 

Proof. By Theorem 12. 381 the group A";"^ acts on the set Q free (semiregular). From condition of 
the lemma it follows that the group Nf" acts on the set Q regular (simply transitively). Further 
we can apply Theorem 12.501 □ 

2.10 Identities with permutation and group isotopes 

Conditions when a quasigroup is a group isotope were studied in classical article of V.D. Belousov 
[T3] . Functional equations on quasigroups are studied in [HI |60l |9H |59l |6T] . Linearity, one-sided 
linearity, anti-linearity and one sided anti-linearity of group and abelian group isotopes is studied 
in the articles of V.D. Belousov [13], T. Kepka and P. Nemec [681 EH], G.B. Belyavskaya and 
A.Kh. Tabarov [2S1 EZl EHl [22 EZl EH] , F.M. Sokhatskii [SS], J-D.H. Smith [SB] and many other 
mathematicians. 
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Definition 2.55. Let {Q, Q) be an algebra. We shall name an identity of algebra {Q, Q) with 
incorporated in this identity fixed permutations of the set Q as identity with permutations (per- 
mutation identity) 15^ . 

Identity with permutations can be obtained from "usual" quasigroup identity by rewriting 
tliese identities using quasigroup translations. Notice any permutation of the set Q can be viewed 
as special kind of unary operation. 

Permutation identities in explicit or implicit form are in works of V.D. Belousov, G.B. Be- 
lyavskaya, A. A. Gvaramiya, A.D. Keedwell, A. Krapez, F.N. Sokhatsky, A.Kh. Tabarov and 
many other mathematicians that study quasigroup identities. 

We give the following based on Theorem 12.531 procedure to answer the following question: is 
a quasigroup with an identity a group isotope? 

Procedure 2.56. 1. If we can write a permutation identity of a quasigroup [Q, ■) in the form 
Ax ■ y = r(x ■ y), where A, T are the sets of permutations of the set Q, and can prove that 
the set A or the set V acts on the set Q transitively, then quasigroup {Q, ■) is a group 
isotope. 

2. If we can write a permutation identity of a quasigroup {Q,-) in the form x ■ By = r{x ■ y), 
where B, T are the sets of permutations of the set Q, and can prove that the set B or the 
set r acts on the set Q transitively, then quasigroup {Q, ■) is a group isotope. 

3. If we can write a permutation identity of a quasigroup {Q, ■) in the form Ax ■ By = x ■ y, 
where A, B are the sets of permutations of the set Q, and can prove that the set A or the 
set B acts on the set Q transitively, then quasigroup {Q, ■) is a group isotope. 

A procedure similar to Procedure 12.561 is given in [901 EH 192] . 

Remark 2.57. Procedure 12.561 shows that it is possible to generalize Definition 12.551 changing 
the words "fixed permutations of the set Q" by the words "fixed sets of permutations of the set 
Q". 

We give Belousov criteria, when a group isotope is an abelian group isotope. 

Lemma 2.58. Belousov criteria. If in a group {Q, +) the equality ax + Py = 'jy + 6x holds for 
all x,y G Q, where a,f3,'y,6 are some fixed permutations ofQ, then {Q,+) is an abelian group 

m 



Proof. From equality ax + Py = '-/y + 6x we have 

a6^^x + (3'j^^y = y + x (31) 

If we put in equality fl3T]) x = 0, then /37~^ = L^, where k = —aS~^0. 
If we put in equality fl3Tl) y = 0, then a6~^ = where d = —f3'y~^0. 
We can rewrite equality fl3Tl) in the form 

Rjx + Lly = y + x (32) 



If we put X = ?/ = in equality fl32l) . then + = and equality fl32l) takes the form x + y = 
y + X. □ 
There exists also the following corollary from results of F.N. Sokhatskii ([IS], Theorem 6.7.2). 
Notice up to isomorphism any isotope is principal. 
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Corollary 2.59. // in a principal group isotope {Q, ■) of a group {Q, +) the equality ax ■ (3y = 
■jy ■ 6x holds for all x,y G Q, where a, /3, 7, 6 are some fixed permutations of Q, then {Q, +) is 
an abelian group. 

Proof. If X ■ y = C,x + xUi then we can re-write the equality ax ■ Py = 'jy ■ Sx in the form 
^ax + xPy = iiy + X^^- Now we can apply Belousov criteria (Lemma l2.58p . □ 

Lemma 2.60. A quasigroup {Q, ■) with identity 

aix ■ a2{y ■ z) = y ■ a2,{x ■ a^z), (33) 
where ai, . . . , 04 are permutations of the set Q, is abelian group isotope. 

Proof. We can re-write identity f l55]) in the form La^xC(2{y ■ z) = y ■ asL^a^z. Since (Q, ■) is a 
quasigroup, then for any fixed elements a,b E Q the exists an element t such that ta = b, i.e. 
Lta = b. Then the set of translations {L^ \ x G Q} acts on the set Q transitively. Therefore the 
set of permutations of the form a^Lxa^ also acts transitively on Q. By Theorem 12.531 quasigroup 
{Q, ■) is group isotope. 

We can re-write identity (!33|) in the form aix ■ a2Rzy = y ■ oi^RaizX- From Corollary 12.591 if 
follows that quasigroup (Q, ■) is abelian group isotope. □ 

Definition 2.61. Let (Q,-) be a groupoid. Identity of the form 

ai{a2X ■ a^y) ■ ai^i^a^u ■ a^v) = aY^xu) ■ a^iyv) (34) 

where ai, . . . ,a% are fixed permutations of the set Q, we shall name permutation medial identity. 
Identity of the form 

ai{a2X ■ a^y) ■ a^{a^u ■ a^v) = a-f^vy) ■ as{ux) (35) 

where ai,...,as are fixed permutations of the set Q, we shall name permutation paramedial 
identity. 

Theorem 2.62. 1. Permutation medial quasigroup (Q,-) is an abelian group isotope. 

2. Permutation paramedial quasigroup {Q, ■) is an abelian group isotope. 

Proof. Case 1. Using language of translations we can rewrite identity f l5^ in the form [5iX-[52V = 
P3X ■ Pav, where /5i = aiRa3ya2, P2 = a^La^uae, = ajRu, Pa = asLy. 

Then /Si/Sg"^ G iN^ and the set of permutations of the form PiP^^ acts on the set Q transi- 
tively (we can take u = a, where the element a is a fixed element of the set Q). Therefore by 
Theorem 12.531 medial quasigroup is a group isotope. 

We can write identity in the form 71?/ ■ 72M = 73M ■ 74?/, where 71 = aiLa^xC^s, I2 = 
OiiRaevO:^, 73 = ajLx, 74 = asRv From Corollarv 12.591 it follows that any permutation medial 
quasigroup is an isotope of abelian group. 

Case 2 is proved similarly to Case 1. □ 

Corollary 2.63. Medial quasigroup {Q,-) is an abelian group isotope JT^j p. 33]. Paramedial 
quasigroup {Q, o) is an abelian group isotope l6^ . 

Proof. The proof follows from Theorem 12.621 □ 
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Any permutation identity of the form 

ai{a2{a3X ■ a^y) ■ a^z) = a^x ■ ai{a^y ■ agz) (36) 

on a quasigroup {Q, •), where all ctj are some fixed permutations of the set Q, it is possible to 
reduce to the following identity [25] 

ai{a2{x -y) ■ z) = ■ {a^y ■ a^z) (37) 

In [23] using famous Four quasigroups theorem [H it is proved: if a quasigroup {Q, ■) 
satisfies identity (|57|) then this quasigroup is a group isotope and vice versa. 
We can rewrite equality f l37|l in the form 

aia2Rz{x ■ y) = a^x ■ Ra^^^a^y (38) 

If as = e, then by Procedure 12.561 Case 2 quasigroup (Q, ■) with equality aia2Rz{x ■ y) = 
X ■ RaszC^iV is a group isotope. 

3 A-centers of a quasigroup 

3.1 Classical definitions of center of a loop and a quasigroup 

R.H. Bruck defined a center of a loop (Q,-) in the following way [32j. 

Definition 3.1. Let {Q, ■) be a loop. Then center Z of loop {Q, ■) is the following set Z{Q, ■) = 
NnC, where C = {a e Q \ a-x = x-ayxeQ} JM\2^- 

We follow in the denoting of loop center by the letter Z. 

Notice, that in a loop (even in a groupoid) Z = NiH NrdC = NiD KmHC = N-mf] NrHC 

It is well known that in loop case Z{Q) is normal abelian subgroup of the loop Q [32] . 

J.D.H. Smith [861 EZl EH |89] has given definition of center of quasigroup in the language 
of universal algebra (Congruence Theory). J.D.H. Smith defined central congruence in a quasi- 
group. Center of a quasigroup is a coset class of central congruence. Notice that any congruence 
of quasigroup Q defines a subquasigroup of [HSj. G.B. Belyavskaya and J.D.H. Smith defini- 
tions are close. 

A quasigroup {Q, ■) is a T-quasigroup if and only if there exists an abelian group (Q, +), its 
automorphisms (p and ip and a fixed element a & Q such that x-y = (px + ipy + a for all x,y & Q 

A quasigroup is central, if it coincides with its center. 

Theorem 3.2. (Belyavskaya Theorem). A quasigroup is central (in Belyavskaya and Smith 
sense) if and only if it is a T-quasigroup 12^ . 

An overview of various definitions of quasigroup center is in [77j . 

3.2 A-nuclei and autotopy group 

We recall that isotopic quasigroups have isomorphic autotopy groups fT?] (see Lemma 11.221 of 
this paper). 

It is well known that any quasigroup {Q, ■) that is an isotope of a group Q has the following 
structure of its autotopy group [62l [76| 

Avt{Q, ■)^{QxQ)\ Aut{Q) 
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Theorem 3.3. For any loop Q we have 

{Nf X N^) X Aut{Q) = H C Avt{Q) 
{Nf X A^^) X Aut{Q) = HC Avt{Q) 
{N^ X N^) X Aut{Q) = HC Avt{Q) 

Proof. Case 1. It is clear that the groups N^, and Aut{Q) are subgroup of the group 
AvtiQ). 

Further proof is quit standard for group theory [IS]. Let H = ■ ■ Aut{Q). Here the 
operation "•" is the operation of muhiphcation of triplets of the group Avt{Q). 
We demonstrate that A^,^ fl A^^^ = {e, e, e). 

Any element of the group Nf^ fl A"^ has the form (£,£,7). By Corollary 11.251 •y = e in this 
case. 

It is easy to see that A^,^ < Avt{Q). Then A^;^ < H. Similarly A^;^ < H. 

Prove that A^",^ ■ A^";^ = A^";^ ■ A^",^. Let A) e A^",^, G N^. Any element of the set 

■ has the form {6,^,Xip) and any element of the set ■ Nf^ has the form (5, /x, ■i/'A). 
By Lemma 11.241 any two autotopy components define the third component in the unique way, 
therefore ipX = Xip in our case. Thus ■ = Nf^ x A^^. 

Prove that A^";^ x A^";^ < Avt{Q). It is easy to see that A^";^ < Avt{Q), < Avt{Q). Indeed, 
in loop case we have 

(a"\/3"\7"^)(5i,e, Ai)(a,/3,7) = {82,6, X2) 

where (a, /3, 7) G Avt{Q), e, Ai), (^2, e, A2) G A^";^. 
Similarly 

(a-\/3"\7"^)(e,/ii,V^i)(a,/3,7) = (e,/i2,V^2) 

Further we have 

(a-\r\7"')(5,/i,A^)(a,/3,7) = 

= fi'\ 7"^)('5, /i, (3, 7) = 

= (a-\/3-\7~')(5,^,A)(a,/3,7)(«"\r\7"')(^,/i,^)(a,/3,7)= ^ ' 

= (5i,e,Ai)(£,/ii,Vi) = {SufiuXitfji) G A^,^ x A^;^ 

Therefore A^";^ x A^";^ < Avt{Q) in any quasigroup Q. 

Prove that {N{^ x A^^) fl Aut{Q) = (e,e,e). In this place we shall use the fact that Q is a 
loop. In a loop any element of the group (A^^^ x A^^) has the form {La, Rb, RbLa)- Since any 
automorphism is an autotopy with equal components we have La = RtLa, Rb = e, Rb = RtLa, 
La = e. 

Therefore we have that H ^ (A^";^ x A^;;^) X Aut{Q). 

Cases 2 and 3 are proved similarly to Case 1. □ 

Remark 3.4. The fact A'^;'^ fl A^^ = (e, e, e) demonstrates that there is difference between 
Garrison left nucleus A"; and left A- nucleus N^^, between Garrison right nucleus A^,. and right 
A- nucleus N,f-, and so on. 

Remark 3.5. Theorem 13.31 is true for any quasigroup {Q, ■) but by isotopy ((Q, ■) ~ {Q, +)), in 
general, the group Aut{Q, +) passes in a subgroup of the group Avt{Q, ■) [76] . 
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Corollary 3.6. For any quasigroup Q we have 

{Nf X N^) < Avt{Q) 

(Nf X iV^) < AvtiQ) 
{N^ X N:") < AvtiQ) 

Proof. The proof follows from the proof of Theorem 13.31 (equality (159]) ). □ 
Corollary 3.7. For any quasigroup Q we have: 

1. if fi & 1^1^ ! ^ ^ l^m; ^^s'^ /^^ = ^f^>' 

2. if fie 2N^, y G 2^t' then fiu = ufi; 

3. if fi e -iNf^, V e ■iN:^, then fxu = ufi. 

Proof. The proof follows from Theorem I3.3[ □ 
Corollary 3.8. In any quasigroup 

1. .N,^ ■ = ■ ,N^; 

2. 2N^ ■ = ■ 2N^; 

3. ■ siV/-^ = sN^" ■ ^N^. 

Proof. The proof follows from Corollary 13.71 □ 

Example 3.9. Loop (Q, ■) has identity group Aut{Q) |85], the identity groups (A*";^ x A^^) X 
Aut{Q), {N^ X N^) X Aut{Q),{N^ x A^";^) X Aut{Q). Its autotopy group Avt{Q) is isomorphic 
to the alternating group ^4 [IB] . 
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We recall |y44| = 12 and this number is divisor of the number 5! ■ 5 = 600. 

3.3 A-centers of a loop 

Definition 3.10. Let Q be a loop. 

Autotopy of the form {{La,e,La) \ a e Z{Q)} we shall name left central autotopy. Group of 
all left central autotopies we shall denote by Z/^. 

Autotopy of the form {{e,La,La) \ a G Z{Q)} we shall name right central autotopy. Group 
of all right central autotopies we shall denote by Z^. 

Autotopy of the form {{La, L~^, e) \ a e Z{Q)} we shall name middle central autotopy. Group 
of all middle central autotopies we shall denote by Z^. 

Lemma 3.11. In any loop the groups Z^ , Z^ , Z^, iZf", sZf^, 2Z^ , sZ^, \Z^, 2Z^, and Z are 
isomorphic. In more details Z = Zf = Z^ = Z^ = iZ^ = ^Z^ = ^Z^ = sZ^ = ^Z^ = ^Z^. 
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Proof. The proof follows from definition of center of a loop (Definition 13. ip and Definition 13.101 
The map ^ : a i— L^, where a E Z, gives necessary isomorphism of the group Z and iZf-. And 
so on. □ 

Lemma 3.12. If Q is a loop, then iZfl = ^Zf = 2Z^1 = sZf = iZ^ = s^^l = Z. 

Proof. It is possible to use Definition 13.101 □ 

Corollary 3.13. In any loop Q the orbit iZfl {^Zf" , 2Z^1, sZ^, iZ^, 2Z^l) coincides with 
the set Q if and only if Q is an abelian group. 

Theorem 3.14. Let Q be a loop. Then 

1. {N^^ X N^) r\N^ = L'^\e) \ a e Z{Q)} = Z^; 

2. {N^ X N^) n = {(£, L„ K)\ae Z{Q)} = Z^; 

3. {N^ X N^) n = e, | a G ZiQ)} = Zf. 
I Z^ < Avt{Q), Z^ < Avt{Q), Zi < Avt{Q). 

5. The groups Z^,Z^ and Z^ are abelian subgroups of the group Avt{Q). 

Proof. Case 1. Any element of the group Nf^ x has the form 

(La^Rh^LM (40) 

any element of the group has the form 

iRc,L-\e) (41) 

(Theorem 12. 18p . Then RbLa = e, Rb = L^^. Expression (140]) takes the form {La, , LaL~^) = 
{La, L~^ ,e). Comparing it with expression (14T|) we have that La = Ra, i-e. ax = xa for any 
element x E Q. In addition taking into consideration that {La,L~^,e) G N^, {La,e, La) G 
A^;"^, {e, La^, La^) G A"^, we obtain that the element a is central, i.e. a G Z{Q). 
Therefore (A^^^ x A^^^) n A^^ C {{La, La\ e) | a G Z{Q)}. 

Converse. It is easy to see that any element from the center Z{Q) of a loop Q "generate" 
autotopies of left, right, middle A-nucleus of the loop Q, i.e. {{La, L~^, e) | a G Z{Q)} C {Nf^ x 

AT^) n A^^. 

r / ' ' m 

And finally we have (A",^ x A^,^) n A"^ = {{La, La\e)\ae Z{Q)}. 

Case 2. The proof of Case 2 is similar to the proof of Case 1 and we omit some details. Any 
element of the group A^;"^ x A^^ has the form 

{LaRb,L,\La) (42) 

any element of the group A^ has the form 

{e,Rc.Rc) (43) 

(Theorem 12.181) . Since expressions fj42l) and fj43|l in the intersection should be componentwise 
equal, we have the following system of equations 
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We remember that in any loop for any nuclear translation we have L^^ = L^-i, R^^ = Ra-^ 
(Theorem EH]). 

From equality Lj^^ = La we have that a = b^^ and b = a^^. Then we from equality LaRb = £ 
it follows that Lh = Rb for all elements of the group {Nf^ x A^;^) fi A^^. 

Expression takes the form {LaL~^, La, La) = {e, La, La). Expression (l^Tj) takes the same 
form. 

Taking into consideration that La = Ra, {L~^, La,e) G N^, {La,e, La) G N/^, {e. La, La) G 
N^, we obtain that the element a is central, i.e. a G Z{Q). 
Therefore {N{^ x A^,^) n A^^ C {{La, L-\ e)\ae Z{Q)}. 
Converse inclusion is proved similarly with the proof in Case 1. 
Finally we have (A^^^ x A^^) n = {{e. La, L J | a G Z{Q)}. 

Case 3. The proof of Case 3 is similar to the proof of Cases 1, 2. Any element of the group 
A^^ X has the form 

{Rb,RaL^\Ra) (44) 

any element of the group Nf" has the form 

{L„e,L,) (45) 

(Theorem 12.181) . Since expressions fj44|) and fH5l) in the intersection should be equal componen- 
twise, we have the following system of equations 

Rb = Lc 
RaLf^ = e 

Ra = Lf. 

From equality Rb = Ra we have that a = b. Then we from equality RaL^^ = e it follows 
that Lb = Rb for all elements of the group (A^^^ x A^^) fi A^^. 
Expression (jUj) takes the form {La, LaL~^, La) = {La,e,La). 

Taking into consideration that La = Ra, {La,L-^,e) G N^,{La,e,La) G Nf',{e,La,La) G 
A^^, we obtain that the element a is central, i.e. a G Z{Q). 
Therefore (A^;^ x A^^) n A^^^ = {{La, e, L,) | a G Z{Q)]. 

Case 4. The proof follows from Corollary 13.61 and the fact that intersection of normal sub- 
groups of a group is normal subgroup. 

Case 5. The proof follows from Lemma 13. Ill Indeed, in this case, if we denote the loop 
operation by -|-, then we have LaLb = La+b = Lb+a = LbLa- □ 

Theorem 3.15. Let Q he a loop, K = Nf" ■ ■ N^. Then 

(i) K/Z^ = {N;' X N^)/Zf X N/'/Zf; 

(n) K/Z^ = {N/' X Ar^)/Z,^ X N^^/Z^'; 

(m) K/Zi = (AT,^ X N,^)/Z^ x N^/Z^^. 

Proof. Case (i). The groups Nf^, and A^^ are normal subgroups of the group Avt{Q). 
From Theorem 13.31 we have that the groups Nf", and N:^ are intersected in pairs by identity 
group. 

From Lemma O and Corollary [Ml we have that A^^^ < Avt{Q), {N^ x A^^) < Avt{Q). Then 
< K, {N^ X N^) < K. 

From Theorem 13.141 and Theorem 4.2.1 flH", p. 47] we have that groups (A^^ x N^)/Zf and 
Nf' /Zf' are normal subgroups of the group K/Zf that are intersected by the identity subgroup. 
Therefore K/Zf = {N^ x N^)/Zf x N^/Z^. 

Cases (ii) and (iii) are proved in the similar way. □ 
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3.4 A-centers of a quasigroup 

Definition 3.16. Let Q be a quasigroup. We shall name 

(i) the group {N^ x A^^) fi Nf^ as left A-center of Q and shall denote by Zf^; 

(a) the group {Nj^ x A^^^) fi as right A-center of Q and shall denote by Z^; 

(Hi) the group {Ni^ x A^^) fl as middle A-center of Q and shall denote by Z^. 

Lemma 3.17. Left, right, and middle A-centers and their components of isotopic quasigroups 
{Q,o) and (Q, ■) are isomorphic, i.e., if{Q,o) ~ (Q,-), then 

1. Zf{Qr) = Zf{Q,oy, 2. ,Zf{Q,-) = ,Zf{Q,oy, 3. sZf{Qr) = 3Zf{Q,oy, 
4. Zf{Q,-) = Z:'{Q,oy, 5. 2ZHQ,-) = 2Z:'{Q,oy 6. ,Z^{Q, ■) = 3Z^{Q,oy 
7. Z{'{Q,-) = Z^{Q,oy 8. ,Z:^{Q,-) = iZ:^{Q,oy 9. 2ZMr) = 2Z:^{Q,oy 

Proof. Case 1. Suppose that {Q,o) = {Q,-)T, where T is an isotopy. By Lemma 11.221 
Avt{Q,o) =T~^Avt{Q,-)T. 

Notice, T-iZf^(g, ■)T = T-\{N^{Q, ■) x N^{Q, ■)) n N{^{Q, ■))T. For short below we shall 
omit denotation of quasigroups {Q, •) and (Q,o). 

Denote (A^^ x A^;^) by A, by B, the conjugation isomorphism by the letter ip. Prove that 

ip{A nB) = ipAn ipB. 

Let (fx G if {A n B). Then x ^ Ad B since <y9 is a bijective map. If x & An B, then x & A, 
X E B, Lp{x) G <f{A), (f{x) e (fiB), Lp{x) e (p{A) n v?(-B), (p{A nB) CLfAn ipB. 

Let ifx G i{>A n ipB. Then ipx G v^A, ipx G (pB. Since is a bijective map, then x E A, 

X e B, X e An B, ifx e (f{A n B), LpAnipB c Lp{A n B). 

Finally, ipAnipB = ip{A n B), i.e. T-\{N^ x A^^) n N(^)T = T-\N^ x N^)T n T^^N^T. 

The fact, that T-^{N^ x A/'^)T = T'^NfT x T-^N^T is well known. Indeed, in the group 
of all triplets SqX SqX Sq isomorphic image of the direct product of two subgroups is the direct 
product of their isomorphic images. Also it is possible to prove this fact using equality (l39l) . 

We have the following chain of equalities 

T-'Zf{Q, ■)T = T-\{Nf X N^) n Nf )T = 

T-\N,f X A/'^)T n T-'^NfT = {{T-^N^T) x {T-'^N^T)) n T-'^N^T = 
{N^^iQ, o) X N^iQ, o)) n NfiQ, o) = zfiQ, o) 

Therefore Zf{Q, ■) = Zf{Q, o). 

Cases 2, 3 follows from Case 1. Cases 4 and 7 are proved in the similar way with Case 1. 
Cases 5, 6 and 8, 9 follow from Cases 2 and 3, respectively. □ 

Corollary 3.18. In any quasigroup {Q, ■) the groups Zf-, Z^, Z^, iZf, sZf^, 2Zf, sZ^, iZ^, 
2Z^ are isomorphic abelian groups, i.e. 

Z^{Q,.) = Zf{Q,.) = Z^{Q,.) = 

rZ^{Q,-)^,Zf{Q,-) = 2Zf{Qr) = 

sZ^{Q,.) = ,Z^{Qr) = 2Z^{Q,-) 

Proof. Suppose that quasigroup (Q,-) is isomorphic to a loop {Q,o). Then by Lemma [3.171 
Z^'iQ, ■) = Z,^(Q, o); Z^'iQ, ■) = Z^'iQ, o); Z^iQ, •) = Z^^iQ, o) and so on. 

By Lemmaimithe groups Z,^(Q, o), ,Zf{Q, o), ,Zf{Q, o), Z^{Q, o), ,Z^{Q, o), ,Z^{Q, o), 
Z^(Q,o), o), 2Z^{Q,o) are isomorphic abelian groups. Therefore the same is true for 

A-centers of any quasigroup. □ 
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Theorem 3.19. // an orbit K by the action of a subgroup H of the group iZf^{Q, ■) (^Zf^i^Q, ■), 
2Z^{Q, ■), sZ^{Q, ■), iZ;^{Q, ■), 2Z^{Q, ■)) on the set Q is a subquasigroup of quasigroup {Q, ■), 
then [K, •) is an isotope of abelian group H . 

Proof. From Corollary 13.181 it follows that the group iZf is abelian. Then any subgroup H of 
group iZf^ also is abelian. The fact that (i^, ■) is group isotope follows from definition of left 
A-center Zf" and Theorem 12.481 

Other cases are proved in the similar way. □ 



Corollary 3.20. If an orbit K by the action of group iZ{^{Q, ■) (aZ^iQ, ■), 2Z^{Q, ■), sZ^iQ, 
iZ^{Q, ■), 2Z^{Q, ■) ) on the set Q is a subquasigroup of quasigroup {Q, ■), then {K, ■) is an isotope 
of abelian group iZfiQ,-) UZ^{Qr), 2Z^{Qr), ^Z^{Qr), iZi{Q,-), 2Z^{Q,-), respectively). 

Proof. This corollary is partial case of Theorem 13. 191 For example in Case 1 H = iZ(^{Q, ■). □ 

Theorem 3.21. The group iZf^ (zZ^ , 2Z^ , sZ^, iZ^, 2Z^) of a quasigroup (Q, ■) acts on the 
set Q simply transitively if and only if quasigroup {Q, ■) is abelian group isotope. 

Proof. If the group iZ^ of a quasigroup {Q, ■) acts on the set Q transitively, then the orbit by 
the action of group iZ^ coincides with the set Q, and by Corollarv 13.201 {Q, ■) ~ iZf^. 

Let (Q, ■) ~ (Q, +), where (Q, +) is abelian group. Prove, that in this case the group 
iZf^{Q, ■) acts on the set Q simply transitively. Any element of left A-center of the group {Q, +) 
has the form e, L+) for all a & Q. 

It is clear that group iZf^i^Q, +) acts on the set Q simply transitively. 

If (g,-) = (g,+)(a,/3,7), then ^Zf{Q,-) = a~\Zf{Q,+)a (Corollary OS]). 

Prove that action of the group iZf^{Q, ■) on the set Q is transitive. Let a,b E Q. Prove that 
there exists permutation ip G iZf{Q, ■) such that ipa = b. We can write permutation ip in the 
form a~^L^a. Since the group iZf{Q, +) is transitive on the set Q, we can take element x such 
that L^aa = ab. Then ipa = a~^L^aa = a~^ab = b. 

The fact that action of the group iZ^ on the set Q has identity stabilizers for any element 
X E Q follows from Theorem 12.381 since in any abelian group lA*"^"^ = iZf^. 

Other cases are proved in the similar way. □ 

Corollary 3.22. If at least one component of quasigroup A-center is transitive, then all compo- 
nents of A-centers are transitive. 

Proof. The proof follows from Theorem 13.211 □ 

Definition 3.23. A-central quasigroup is a quasigroup Q with transitive action of at least one 
from its components of A-centers on Q. 

Using this definition we formulate main theorem of this paper 

Theorem 3.24. A quasigroup is A-central if and only if it is abelian group isotope. 

Proof. We can use Theorem 13.211 □ 

Corollary 3.25. Any central quasigroup in G.B. Belyavskaya and J.D.H. Smith sense is A- 
central quasigroup. 

Proof. The proof follows from Theorems 13.21 and 12.531 Any T-quasigroup is an isotope of 
abelian group. □ 
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4 Normality of A-nuclei and A-centers 



4.1 Normality of equivalences in quasigroups 

A binary relation on a set Q is any subset of the set Q x Q. 

Definition 4.1. A relation 6 on a set S satisfying the reflexive (x9x), symmetric (x9y ^ ydx), 
and transitive (x9y,y9z =^ x6z) properties is an equivalence relation on S. Each cell a = 6{a) 
in the natural partition given by an equivalence relation is an equivalence class l4^ . 

Definition 4.2. Let A he an algebra of type F and let 9 an equivalence. Then 9 is a congruence 
on A if 9 satisfies the following compatibility property: For each n-ary function symbol / G F 
and elements Qi, hi G A, if ai9bi holds for 1 < i < n then /^(cti, . . . an)9 f^ipi, . . . b„) holds JSc 



"The compatibihty property is an obvious condition for introducing an algebraic structure 
on the set of equivalence classes A/9 a.n algebraic structure which is inherited from the algebra 
A" PB|. 

Notice there exists a quasigroup {Q, ■) in the sense of Definition [T3](" existential quasigroup") 
and its congruence 9 in the sense of Definition 14.21 such that Q/9 ("an algebraic structure which 
is inherited from the algebra A" ) is a division groupoid which, in general, is not a quasigroup [9l 
178] . Therefore for quasigroups congruence and homomorphism theory has a little non-standard 
character from the point of view of universal-algebraic approach |33j . 

Definition 4.3. An equivalence 9 is a left congruence of a groupoid {Q,o), if the following 
implication is true for all x,y, z & Q: x9y =^ {z o x) 9 {z o y) . In other words equivalence 9 is 
stable relative to any left translation of {Q, o). 

An equivalence 9 is a right congruence of a groupoid {Q,o), if the following implication is 
true for all x,y, z ^ Q: x 9 y =^ {x o z) 9 {y o z). In other words equivalence 9 is stable relative 
to any right translation of {Q, o) fWj . 



Definition 4.4. An equivalence 9 of a groupoid {Q, o) is called cancellative from the left, if the 
following implication is true for all x,y, z & Q : {z o x)9 {z o y) =^ x9y. 

An equivalence 9 of a groupoid {Q, o) is called cancellative from the right, if the following 
implication is true for all x,y, z E Q : (zox) 9 {zo y) =^ x9y,{xo z) 9 (yoz) =^ x9y fl4\ [77| /. 

An equivalence 9 of a groupoid {Q, o) is called normal from the right (right normal), if it is 
stable and cancellative from the right. 

An equivalence 9 of a groupoid {Q,o) is called normal from the left (left normal), if it is 
stable and cancellative from the left. 

An equivalence 9 of a groupoid {Q, o) is called normal, if it is left and right normal. 



Remark 4.5. In [79] there is slightly other approach to normality of groupoid congruences. 

Definition 4.6. If 9 is a binary relation on a set Q, a is a permutation of the set Q and from 
x9y it follows ax9ay and a~^x9a^^y for all {x,y) G 9, then we shall say that the permutation 
a is an admissible permutation relative to the binary relation 9 [T^ . 

Moreover, we shall say that a binary relation 9 admits a permutation a. 

One from the most important properties of e-quasigroup [Q, ■, \, /) is the following property. 

Lemma 4.7. Any congruence of a quasigroup {Q, ■, \, /) is a normal congruence of quasigroup 
{Q,-); any normal congruence of a quasigroup (Q, ■) is a congruence of quasigroup (Q, ■,\,/) 
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Lemma 4.8. Any normal quasigroup congruence of a quasigroup {Q, ■) is admissible relative to 
any left, right and middle quasigroup translation fT5^ . 

Proof. The fact that any normal quasigroup congruence is admissible relative to any left and 
right quasigroup translation follows from Definitions 14.31 and 14.41 

Let ^ be a normal congruence of a quasigroup {Q, ■). Prove the following implication 

aOh^PcaePcb (46) 

If PcO = k, then a ■ k = c, k = a\c, k = Rca. Similarly if Pcb = m, then b ■ m = c, m = b\c, 
m = R^b. Since 6* is a congruence of quasigroup {Q, ■, \, /) (Lemma 14. 7p . then implication fH6|) 
is true. 

Implication 

aOb^ p-^aOP-^b (47) 

is proved in the similar way. If P^^a = k, then k ■ a = c, k = c/a, k = Lia. Similarly if 
P~^b = m, then m ■ b = c, m = c/b, m = Lib. Since 6' is a congruence of quasigroup {Q, ■, \, /) 
(Lemma 14. 7p . then implication fH7|) is true. □ 

Corollary 4.9. If 6 is a normal quasigroup congruence of a quasigroup Q, then 6 is a normal 
congruence of any parastrophe of Q JT^J. 

Proof. The proof follows from Lemma [4.81 and Table 1. □ 
From Corollary 14.91 it follows that any element of the group FM{Q, ■) of a quasigroup {Q, ■) 

is admissible relative to any normal congruence of the quasigroup {Q, ■). 

In the following lemma we give information on behavior of a left quasigroup congruence 

relative to quasigroup parastrophy. 

Lemma 4.10. The following propositions are equivalent. 

1. An equivalence 9 is stable relative to translation Lc of a quasigroup {Q, ■). 

2. An equivalence 6 is stable relative to translation Rc of a quasigroup {Q,*). 

3. An equivalence 9 is stable relative to translation P^^ of a quasigroup (Q,/). 

4. An equivalence 9 is stable relative to translation L^^ of a quasigroup {Q,\). 

5. An equivalence 9 is stable relative to translation R~^ of a quasigroup (Q, \\). 

6. An equivalence 9 is stable relative to translation Pc of a quasigroup {Q, / /). 

Proof. From Table 1 it follows that L* = R^, U = P^^. And so on. □ 

Remark 4.11. It is easy to see that similar equivalences (Lemma l4.1Up are true for the other 
five kinds of translations and its combinations of a quasigroup (Q, ■)• 

Lemma 4.12. 1. If an equivalence 9 of a quasigroup {Q, ■) is admissible relative to any left 
and right translation of this quasigroup, then 9 is a normal congruence. 

2. If an equivalence 9 of a quasigroup (Q,-) is admissible relative to any left and middle 
translation of this quasigroup, then 9 is a normal congruence. 

3. If an equivalence 9 of a quasigroup {Q, ■) is admissible relative to any right and middle 
translation of this quasigroup, then 9 is a normal congruence. 
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Proof. Case 1. Definition [Ol 

Case 2. Equivalence 6* is a normal congruence of quasigroup {Q,\) (Table 1, Definition I4.4p 
and we apply Corollary 14.91 

Case 3. Equivalence 6* is a normal congruence of quasigroup (Q,/) (Table 1, Definition I4.4p 
and we apply Corollary I4.9[ □ 



4.2 Other conditions of normality of equivalences 

We find additional conditions when an equivalence is left, right or "middle" quasigroup congru- 
ence. We use H. Thurston [lUU^ 1^ and A.I. Mal'tsev [51] approaches. Results similar to the 
results from this section are in [7S| 153] . 

The set of all left and right translations of a quasigroup {Q, ■) will be denoted by T{Q, ■). li ip 
and ijj are binary relations on Q, then their product is defined in the following way: (a, 6) G (foip 
if there is an element c G Q such that (a, c) E ip and (c, b) E ip. If (y9 is a binary relation on Q, 
then Lp~^ = {{y, x) \ {x, y) E ip}. The operation of the product of binary relations is associative 

[SSlESlESlin]. 

Remark 4.13. Translations of a quasigroup can be considered as binary relations: {x,y) G La, 
if and only if y = a ■ x; {x, y) G -Rb, if and only ii y = x ■ h] (x, y) G Pc, if and only if ?/ = x\c 

Remark 4.14. To coordinate the multiplication of translations with their multiplication as 
binary relations, we use the following multiplication of translations: if a, /3 are translations, x is 
an element of the set Q, then (a/3)(a;) = /3(q;(x)), i.e. {a(3)x = f3ax. 

Proposition 4.15. 1. An equivalence 6 is a left congruence of a quasigroup {Q, ■) if and only 
if 9uj C LoO for all w G L. 

2. An equivalence is a right congruence of a quasigroup {Q, ■) if and only if Ou C uO for all 
w G M. 

3. An equivalence is a "middle" congruence of a quasigroup {Q, ■) if and only if Ou C uj9 
for all w G P. 

4- An equivalence 6 is a congruence of a quasigroup {Q, ■) if and only if Quo C uj9 for allu eT 

Proof. Case 1. Let 6 be an equivalence, u = La- It is clear that (x, z) G 6La is equivalent 
to that there exists an element y E Q such that {x,y) G 9 and {y,z) G La. But if {y,z) G La, 
z = ay, then y = L~^z. Therefore, from the relation {x, z) G 9La it follows that (x, La^z) G 9. 

Let us prove that from (x, L~^z) E 9 it follows (x, z) G 9La. We have (x, L'^^z) G 9 and 
(La^z, z) G La, (x, z) G 9La. Thus (x, z) G 9La is equivalent to (x, L~^z) G 9. 

Similarly, (x, z) G La9 is equivalent to (ax, z) G 9. Now we can say that the inclusion 9u C uj9 
by w = La is equivalent to the following implication: 

(x, L~^z) G 9 =^ {ax, z) e9 

for all suitable a,x,z G Q. 

If we replace in the last implication z with LaZ, we shall obtain the following implication: 

(x, z) E 9 =^ {ax, az) G 9 
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for all a G Q. 

Thus, the inclusion 6La C LaO is equivalent to the stability of the relation 6 from the left 
relative to an element a. Since the element a is an arbitrary element of the set Q, we have that 
the inclusion du C uj6 hj u & h is equivalent to the stability of the relation 6 from the left. 

Case 2. Similarly, the inclusion Ou C 006 for any w G M is equivalent to the stability from 
the right of relation 6. 

Case 3. Applying Case 1 to the quasigroup (Q, //) = (Q, ■)^^^'^^ we obtain that an equivalence 
6' is a left congruence of a quasigroup (Q, ■)(^'^^) if and only if Oco C uj9 for all to G L^^^^\ 

Using parastrophic equivalence of translations (Table 1 or Lemma I4.10p we conclude that an 
equivalence 6 is stable relative to any middle translation of a quasigroup {Q, ■) if and only if 
Olu C cue for all a; G P. 

In other words an equivalence 6' is a "middle" congruence of a quasigroup {Q, ■) if and only 
if 9u C ue for all w G P. 

Case 4. Uniting Cases 1 and 2 we obtain required equivalence. □ 
Let us remark Proposition 14.151 can be deduced from results of H. Thurston [22] • 

Proposition 4.16. 1. An equivalence 9 is left-cancellative congruence of a quasigroup (Q, ■) 
if and only if u6 C 6uj for all u Eh. 

2. An equivalence 6 is right- cancellative congruence of a quasigroup {Q, ■) if and only if uO C 
6uj for all a; G M. 

3. An equivalence 9 is middle- cancellative congruence of a quasigroup {Q, ■) if and only if 
ojO C Ou for all w G P. 

Proof. As it is proved in Proposition 14.151 the inclusion 6La C LaO is equivalent to the 
implication x6y =^ axday. 

Let us check up that the inclusion La9 C 9 La is equivalent to the implication 

axOay =^ xOy. 

Indeed, as it is proved in Proposition I4.15[ (x, z) G 6La is equivalent with (x, L'^^z) G 6. 
Similarly, (x, z) G La9 is equivalent with (ax, z) G 9. The inclusion uO Ou hy uo = La has the 
form LaO C 9La and it is equivalent to the following implication: 

(ax, z) e9 =^ (x, L'^^^^z) G 6 

for all a, X, 2; G Q. If we change in the last implication the element z by the element LaZ, we shall 
obtain that the inclusion 9La ^ LaO is equivalent to the implication axOay ^ x9y. Therefore, 
the equivalence 6 is cancellative from the left. 

Similarly, the inclusion Rb6 C 6Rb is equivalent to the implication: 

(xa, za) G 9 =^ (x, z) G 6. 

Case 3 is proved similarly. It is possible to use identity Q). □ 
Below by the symbol (L, P) we shall denote the group generated by all left and middle 
translations of a quasigroup. 

Corollary 4.17. 1. An equivalence 9 is left normal congruence of a quasigroup {Q, ■) if and 
only if u9 = 9u for all u Eh. 

2. An equivalence 9 is right normal congruence of a quasigroup {Q, ■) if and only if uj9 = 9u 
for all u eR. 
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3. An equivalence 9 is middle normal congruence of a quasigroup [Q, ■) if and only ifuO = 6u 
for all w e P. 

4- An equivalence 9 is normal congruence of a quasigroup {Q, ■) if and only if uj9 = 9uj for 
a// w G L U P. 

5. An equivalence 9 is normal congruence of a quasigroup {Q, ■) if and only if uj9 = 9u for 
alluj eRU¥. 

6. An equivalence 9 is normal congruence of a quasigroup {Q, ■) if and only if u9 = 9u for 
all CO E (L,M) = M{Q,-). 

7. An equivalence 9 is normal congruence of a quasigroup {Q, ■) if and only if u9 = 9uj for 
alluj e (L,P). 

8. An equivalence 9 is normal congruence of a quasigroup {Q, ■) if and only if uj9 = 9u for 
alluj G (M,P). 

Proof. The proof follows from Propositions 14.15^ 14.161 and Lemma I4.12[ 

In the proving of Cases 6-8 we can use the following fact: if u9 = 9u, then u^^9 = 9uj^^. □ 
The following proposition is almost obvious corollary of Theorem 5 from [63] • 

Proposition 4.18. 1. An equivalence 9 is a left congruence of a quasigroup Q if and only if 
uj9{x) C 9{ujx) for all x E Q , cu E L. 

2. An equivalence 9 is a right congruence of a quasigroup Q if and only if u9{x) C 9{ux) for 
all X e Q, u e R. 

3. An equivalence 9 is a "middle" congruence of a quasigroup Q if and only if uj9{x) C 9{(jjx) 
for allx e Q, UJ e P. 

4- An equivalence 9 is left-cancelative congruence of a quasigroup Q if and only if 9{u)x) C 
co9{x) for all X E Q , u E L. 

5. An equivalence 9 is right- cancelative congruence of a quasigroup Q if and only if 9{ux) C 
u9{x) for all X E Q , UJ E M. 

6. An equivalence 9 is middle- cancelative congruence (i.e. Pxa9Pxb =^ a9h) of a quasigroup 
Q if and only if 9{u)x) C uj9{x) for all x E Q , u E P. 

Proof. Case 1. Let 9 be an equivalence relation and for all u E h, uj9{x) C 9{ujx). We shall 
prove that from a9b follows ca9cb for all c G Q. 

By definition of the equivalence 9, a9b is equivalent to a G 9{b). Then ca E c9{b)<^9{cb), 
ca9cb. 

Converse. Let be a left congruence. We shall prove that c9{a) C 9{ca) for all c,a E Q. 
Let X E c9{a). Then x = cy, where y E 9{a), that is y9a. Then, since 6' is a left congruence, we 
obtain cy9ca. Therefore x = cy E 9{ca). Thus, Lc9 C 9{ca). 

Case 2 is proved similarly. 

Case 3. We can use approach similar to the approach used by the proof of Case 4 of Propo- 
sition 14.151 

Cases 4-6 are proved in the similar way with Cases 1-3. □ 

Proposition 4.19. 1. An equivalence 9 of a quasigroup Q is left normal if and only if 
9{ujx) = uj9{x) for all u E h, x E Q; 
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2. A equivalence 6 of a quasigroup Q is right normal if and only if 6{ux) = uj6{x) for all 
u eR, X e Q. 

3. An equivalence 6 of a quasigroup Q is middle normal if and only if 6{ux) = u6{x) for all 
u eF, X e Q. 

Proof. The proof follows from Proposition I4.18[ □ 

Proposition 4.20. 1. An equivalence 9 is normal congruence of a quasigroup Q if and only 
if 6{ujx) = uj6{x) for all u e ILUR, x e Q; 

2. An equivalence 9 is normal congruence of a quasigroup Q if and only if 6{ujx) = uj6{x) for 
all u ehUF, X e Q; 

3. An equivalence 9 is normal congruence of a quasigroup Q if and only if 6{ujx) = uj6{x) for 
all CO eRuF, X e Q. 

4- An equivalence 9 is normal congruence of a quasigroup Q if and only if 6{ujx) = uj6{x) for 
all u e {L,R), X G Q; 

5. An equivalence 6 is normal congruence of a quasigroup Q if and only if 9{ujx) = uj9{x) for 
all CO G (L,P), X e Q; 

6. An equivalence is normal congruence of a quasigroup Q if and only if 6{ujx) = u9{x) for 
alluj e (K,P), xeQ. 

Proof. The proof follows from Proposition 14.191 and Lemma I4.12[ 

In the proving of Cases 4-6 we can use the following fact. If 9{ijJx) = ijj9{x), then 9{uu~^x) = 
uj9{uj~^x) = ujuj~^9{x). Thus uj9{uj-^x) = uju-^9{x), 9{uj-^x) = uj-^9{x). □ 

4.3 A-nuclei and congruences 



Definition 4.21. We define the following binary relation on a quasigroup {Q, ■) that correspond 
to a subgroup H of the group iNf^: a {i9f) b if and only if there exists a permutation a & H <Z 

-A 



iNA such that b = aa. 



For a subgroup H of the group -^Nf {iN;^, 2^:^, 2^:^ and sA^^) binary relation ■^9^ {i9^, 
29^, 29r and ^9^, respectively) is defined in the similar way. 

Lemma 4.22. The binary relation i9f is an equivalence of the set Q. 

Proof. Since binary relation i9f is defined using orbits by the action on the set Q of a subgroup 
of the group iNf^, we conclude that this binary relation is an equivalences. It is clear that 
any orbit defines an equivalence class. Notice, all these equivalence classes are of equal order 
(Corollary ESQ]). □ 

Analogs of Lemma 14.221 are true for any subgroup of the groups 39f, i9^, 26*^5 29^^ and 36'^. 

These equivalences have additional properties. 

Lemma 4.23. Let {Q, ■) be a quasigroup. 

1. Let i9f be an equivalence that is defined by a subgroup K of the group iNf- and equivalence 
2,9 f is defined by isomorphic to K subgroup RxKR~^ of the group ^Nf" (Lemma \2.23\) . Then 
we have the following implications: 
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(a) if a{i9f)b, then (a ■ c){s9f){b- c) for all a,b,cE Q; 
(h) if (a ■ c){i6f){b ■ c), then a{s6f)b for all a,b,ce Q; 

2. Let s9f be an equivalence that is defined by a subgroup K of the group ^Nf^ and equivalence 
lOf is defined by isomorphic to K subgroup R'^KR^ of the group iNf" (Lemma \2.2!^} . Then 
we have the following implications: 

(a) if a{^Of)b, then (a ■ c)[i9f)(b ■ c) for all a,b,c E Q; 

(b) if (a ■ c){s6f){b ■ c), then a{i9f)b for all a,b,ce Q; 

3. Let 26'^ be an equivalence that is defined by a subgroup K of the group and equivalence 
2,6^ is defined by isomorphic to K subgroup LxKL~^ of the group ^N^ (Lemma \2.23\) . Then 
we have the following implications: 

(a) if a{20f)b, then {c ■ a){39f){c ■ b) for all a,b,c E Q; 

(b) if (c ■ a)(26'^)(c ■ b), then a{39f)b for all a,b,c G Q; 

4- Let 36^ be an equivalence that is defined by a subgroup K of the group ^N^ and equivalence 
26^ is defined by isomorphic to K subgroup L~^KLx of the group ^N^ (Lemma \2.23\) . Then 
we have the following implications: 

(a) if a{'iOf)b, then {c ■ a){2(^:^){c ■ b) for all a,b,c G Q; 

(b) if (c ■ a)(36'^)(c ■ b), then a{20^)b for all a,b,c E Q; 

5. Let be an equivalence that is defined by a subgroup K of the group iN^ and equivalence 
26^ is defined by isomorphic to K subgroup P^KP'^ of the group 2N^ (Lemma \2.23\) . Then 
we have the following implications: 

(a) ifa{i9^)b, then Pca{20^)Pcb for all a,b,ce Q; 

(b) if P,a{ie^)P^b, then a{2e^)b for all a,b,ce Q; 

6. Let 20^ be an equivalence that is defined by a subgroup K of the group 2^^ and equivalence 

is defined by isomorphic to K subgroup P~^KPx of the group iN^ (Lemma \2.23\) . Then 
we have the following implications: 

(a) ifa{20m)b, then P~'^a{i6^^)P^^b for all a,b,c e Q; 

(b) if P-^a{20i)P-^b, then a{ie^)b for all a,b,ce Q. 

Proof. Case 1, (a). Expression a{i9f)b means that there exists a permutation a E K C 
such that b = aa. Expression (a ■ c){36f){b ■ c) means that there exists a permutation 7 G 
RxKR~^ C ^Nj^ such that b ■ c = 7(0 ■ c). We can take 7 = RcKR~^, i.e. can take x = c. Then 
b ■ c = aa ■ c. 

Then we obtain the following implication b = aa =^ b ■ c = aa ■ c for all a,b,c G Q. It 
is clear that this implication is true for all a,b,c G Q, since {Q, ■) is a quasigroup. Therefore, 
implication 

if a{i9f)b, then (a ■ c){39f){b ■ c) for all a,b,ceQ 

also is true. 

Case 1, (b). Expression {a-c){i9f){b-c) means that there exists a permutation a E K C ^Nf" 
such that b ■ c = a{a ■ c), i.e. b = R~^aRca. Expression a{39f)b means that there exists 
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a permutation •y E H = R^KR'^ C ^N/^ such that b = ■ya. By Lemma 12.231 we can take 
7 = R~^aRc. 

Then we obtain the following implication 

b = R^^aRcd =^ b = R^^aRca for all a,b,cEQ 

It is clear that this implication is true. 

Cases 2-4 are proved in the similar way with Case 1. 

Case 5, (a). Expression a{i9^)b means that there exists a permutation a G K (1 iN^ such 
that b = aa. Expression Pca{20:^)Pcb means that there exists a permutation (3 E H <Z such 
that Pcb = pPctt. By Lemma [2.231 we can take (5 = PcuP^^. Then Pcb = pPcd = PcaP~^Pca = 
P^aa. 

Then we obtain the following implication b = aa =^ Pcb = P^aa for all a,b,c E Q. It is 
clear that this implication is true for all a,b,c E Q. 

Case 5, (b). Expression Pca{i9^)Pcb means that there exists a permutation a E H <Z iN^ 
such that Pctt = aPcb. By Lemma 12.231 we can take a = Pcf3P-\ where /3 E 2N^. Thus 
p^a = Pc(3P^^Pcb, a = (3b, a{20i)b. 

Case 6 is proved in the similar way with Case 5. □ 

Cases 1 and 2 show that the pair of equivalences lOf and 36'/^ is normal from the right 
reciprocally. 

Cases 3 and 4 show that the pair of equivalences and 3^;^ is normal from the left recip- 
rocally. 

Cases 5 and 6 show that the pair of equivalences and 2^*^ stable relative to middle 
quasigroup translations and its inverse. 

Corollary 4.24. If in a quasigroup (Q, ■)•' 

lOf = ^Of = 9f, then the equivalence i9f (sOf) is normal from the right; 

= 3^.^ = then the equivalence 2^^ i'i^^) normal from the left; 

i^m = = ^m; ^^cn thc cquivalcncc (2^^) stable relative to middle quasigroup 
translations and its inverse; 

9f = 9^, then equivalences i9f, ^9^, 26'^, 3^^ are normal congruences; 
9f = 9^, then equivalences i9f, ^9^, i9^, 26*^ normal congruences; 
9f = 9^, then equivalences 26'^, 39^, ±9^, 26'^ are normal congruences. 

Proof. We use Lemmas K23\ and 141121 □ 
If in conditions of Lemma 14.231 K = iNi^, then corresponding equivalence we shall denote 
by i<df and so on. 

Corollary 4.25. 1. If (Q, o) is a right loop, then i9f = ^^9^ = 9f and equivalence i9f is 
normal from the right. Any subgroup of the left nucleus Ni (coset class 9f{l)) is normal 
from the right. 

2. If {Q, o) is a left loop, then 26*^ = 36*.^ = 9:^ and equivalence 2^^ is normal from the left. 
Any subgroup of the right nucleus Nr (coset class 9:^(1)) is normal from the left. 

3. If {Q, o) is an unipotent quasigroup, then i9^ = 29^ = ^'^^ equivalence i9^ is stable 
relative to middle quasigroup translations and its inverse. Any subgroup of the middle 
nucleus (coset class 9^{1)) is stable relative to middle quasigroup translations and its 
inverse. 
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Proof. The proof follows from Corollary 12.271 and Corollary 14.241 □ 

Corollary 4.26. 1. If {Q,o) is a commutative loop, then any from equivalences 9f and 9f 
is a normal congruence. Left nucleus Ni (coset class and right nucleus Nj. (coset 

class 0^(1) ) are equal and Ni is a normal subgroup of {Q, o). 

2. If {Q, o) is a unipotent right loop with identity x o [x o y) = y, then any from equivalences 
9f and 6^ is a normal congruence. Left nucleus Ni (coset class ) and middle nucleus 
Nm (coset class 0^(1) ) equal and Ni is a normal subgroup of {Q, o). 

3. If {Q, o) is a unipotent left loop with identity (xoy) oy = x, then any from equivalences 9^ 
and 9^ is a normal congruence. Right nucleus (coset class 9^(1)^ and middle nucleus 



Nm (coset class 0^(1) ) Q'^e equal and Nr is a normal subgroup of {Q, 
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Proof. Case 1. In any right loop first and third component of any element of the group A*";"^ 
coincide, in any left loop second and third component of the group coincide (Corollary 12. ISp . 
In a commutative loop in additional La = Ra for any element a & Q. From Corollary 14.241 it 
follows that in this case any equivalence 9f is a normal congruence and therefore any subgroup 
of left nucleus A'; is normal as coset class 9f{l) of normal congruence 9f. 

Cases 2 and 3 are proved using passage to parastrophy images ((23) and (13), respectively) 
of the loop from Case 1. □ 

Lemma 4.27. In a loop {Q, ■) any subgroup of group Z (Zf^, Z^, Z^, iZf^, ^Zf^, ^Z^ , sZ^, 
iZ^, 2Zm) defines a normal congruence. 

Proof. We use Lemma 13.111 and Corollary I4.24[ If is a subgroup of the group Z, then 
corresponding to H subgroups of the groups iZf^, ^Zf^ are equal, since (Q, ■) is a loop. Therefore 
corresponding equivalences i(f = ^(f are equal. Since iZf^ = 2Z^ = ^Z^ (Lemma 13. lip we 
obtain that i(f = 20 = 30 and equivalence i(f is normal congruence (Corollary I4.24p of loop 

(Q,-). 

Other cases are proved in the similar way. □ 
Corollary 4.28. In a loop {Q, ■) A-center defines a normal congruence. 

Proof. We use Lemma 14. 27[ □ 

We give conditions of normality of A-nuclei of a loop. We also give conditions of normality of 
Garrison's nuclei, since Garrison's nuclei are coset classes by action of corresponding A-nuclei. 

Theorem 4.29. Let {Q, •) be a loop. 

1. Let H be a subgroup of the group iNf" . Denote by i9f corresponding equivalence to the 
group H. 

(a) If equivalence i9f is admissible relative to any translation L^ of loop (Q,-) and its 
inverse, then i9f is normal congruence of (Q,-). 

(b) If equivalence i9f is admissible relative to any translation of loop (Q, ■) and its 
inverse, then i9f is normal congruence of (Q, ■). 

2. Let H be a subgroup of the group 2^^. Denote by 29 f corresponding equivalence to the 
group H . 

(a) If equivalence is admissible relative to any translation R^ of loop (Q,-) and its 
inverse, then 26',^ is normal congruence of {Q, ■). 
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(b) If equivalence is admissible relative to any translation of loop (Q, ■) and its 
inverse, then is normal congruence of {Q, ■). 

3. Let H be a subgroup of the group iN^ fl 2^^. Denote by corresponding equivalence 
to the group H . 

(a) If equivalence is admissible relative to any translation of loop (Q, ■) '^''^d its 
inverse, then is normal congruence of{Q,-). 

(b) If equivalence ±9^ is admissible relative to any translation of loop (Q, ■) and its 
inverse, then is normal congruence of {Q, ■). 

Proof. The proof follows from Lemma 14.121 and Corollary 14.251 □ 

Theorem 4.30. If in a quasigroup {Q, ■) H = iNf^ r\^N^ \~\2N^ r\'iN:^ , then H induces normal 
congruence of {Q, ■). 

If in a quasigroup {Q, ■) H = iNf' fl ^^Nf^ fl lA^^ fl 2^™? then H induces normal congruence 
ofiQr)- 

If in a quasigroup {Q, ■) H = 2N^ fl ^N^ fl iN^ fl 2N^, then H induces normal congruence 

ofiQ,-)- 

Proof. The proof follows from Lemma 14.231 □ 
4.4 Normality of A-nuclei of inverse quasigroups 

Mainly information on the coincidence of A-nuclei and nuclei of inverse quasigroups and loops 
are taken from [52]. Also we give results on normality of nuclei of some inverse quasigroups and 
loops. 

Definition 4.31. A quasigroup (Q, o) has the X-inverse-property if there exist permutations 
-^1; -^2, A3 of the set Q such that 

Xix o A2(x oy) = X^y (48) 

for all x,y e Q fTE/- 

Definition 4.32. A quasigroup [Q, o) has the p- inverse- property if there exist permutations 
Pi,P2, Ps of the set Q such that 

Pi{x o y) o p2y = P3X (49) 

for all x,y e Q [7^ . 

Definition 4.33. A quasigroup {Q,o) is an {a, ^yj) -inverse quasigroup if there exist permuta- 
tions a, P, 7 of the set Q such that 

a{x o y) o f3x = '-yy (50) 

for allx,y eQ jnW^lMW- 

Definition 4.34. A quasigroup {Q, o) has the ^-inverse-property if there exist permutations 
Pi,p2, P3 of the set Q such that 

Piy o P2X = psix o y) (51) 

for all x,y E Q. 

We give definition of main classes of inverse quasigroups using autostrophy [1E\ ISO] . 
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Theorem 4.35. A quasigroup {Q, ■) is: 

1. a X-inverse quasigroup if and only if it has [(2 3), (Ai, A2, A3)] autostrophy; 

2. a p-inverse quasigroup if and only if it has [(1 3), {pi, p2, ps)] autostrophy; 

3. an (a, (3, 'y)-inverse quasigroup if and only if it has [(1 2 3), (a, (3, 7)] autostrophy; 

4- a p-inverse quasigroup if and only if it has [(12), {pi, P27 f^s)] autostrophy. 

Proof. If (cr, (ai, 0^2, as)) is an autostrophism of a quasigroup {Q, A), then from formula we 
obtain the foUowing formula 

A{xi, X2, X3) = A{aix^-ii, 02x^-12, asx^-is) (52) 

Case 1. Using equality f l^ we find values of a and a^. Since aix^-ii = XiXi, we have 
«! = Ai, = xi, al = 1. And so on. 

Cases 2-4 are proved in similar way with Case 1. □ 

Lemma 4.36. 1. A \-inverse quasigroup has {{2 3) , (X^^ , , \2^)) autostrophy; 

2. a p-inverse quasigroup has ((1 3), {p^^ , P2^ , Pi^)) autostrophy; 

3. an {a, (3, •y) -inverse quasigroup has ((1 3 2) , {f3~^ , -y'^ , a~^)) autostrophy, i.e. in any 
{a, P, 'j)-inverse quasigroup {Q, o) the following equality is true P~^y o 7~^(x o y) = oT^x; 

4. a p-inverse quasigroup has ((12), (p2^ , p^^ , p^^)) autostrophy. 

Proof. From Lemma [1.351 we have. If (cr, T) = (cr, («i,a2,«3)) is an autostrophism, then 

(c^,T)-i = {a-\{T-r'') = {a-\{a-la-la-l)) (53) 

□ 

4.4.1 (a, /3, 7)-inverse quasigroups 

Lemma 4.37. In {a, f3,''y)- inverse quasigroup we have the following relations between compo- 
nents of A-nuclei: 



^N^ = a-\N^a = 13 2Ntl3-^ 


(54) 




(55) 


^N^ = P~\N^^P = ^ ,Nfr' 


(56) 




(57) 


^N^ = a'\N^a = (3 2N^I3-^ 


(58) 


2N^ = r\N^P = l,N^l. 


(59) 



Proof. The proof follows from Theorem I4.35[ Lemma [4.361 and Table 3. □ 
Theorem 4.38. 1. In {e; /3; -y)-inverse loop (Q, o) ^N^ = sN^^ = 2N^ = sN^ = iN^, Ni = 

2. In («; e- ^)-mverse loop (Q, o) .N^" = giV,^ = 2N^, 2^^ = sN^^ = liV^, Ni = Nr = N^. 

3. In {a; /3; e)-inverse loop {Q, o) .N/" = giV,^ = 2N^ = s^V,^ = 2iV^, Ni = = < Q. 
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4. In {a- a-i; j)-tnverse loop (Q, o) = ^N/" = = = 2N^, Ni = Nr = N„,<Q. 

5. In {a- /3; a-^)-inverse loop (Q, o) ^A^^^ = ^N^ = ^N^, = ^^N^ = ^N^, Ni = = N^. 

6. In {a- /3; p-^)-inverse loop (Q, o) ^N^ = sN^^ = = = iN^^, Ni = Nr = Nm<Q. 

Proof. The proof follows from Lemma [4.371 and the fact that in any loop lA^"^"^ = sNf-, = 
sNf-. Normality of Garrison's nuclei follows from Corollary 14.241 □ 

Theorem 4.39. If in {a; P;-f) -inverse loop (Q,-) a^K^a-^ C gA^;^, (3 iN^(3-^ C ^N^, 
a~^3N^a C 2,N^, then in this loop Ni = = Nr. 

Proof. By proving this theorem we use standard way [IH]. Let G iNf-, i.e. a G A*";. Then 
using ([51]) we have a'^L^a G 3N^. Therefore La e a 3N^a~^ C gA^;^. Thus L^l = a e 3Nf'l = 

Nr. 

If a e Nr, then {e,Ra,Ra) G Nf and using ([56]) we see that /3-^Ral3 G iN^. Then Ra G 
/3 C lAT^. Therefore a = i? J G iN^l = N^. 

If a G Nm, then {Ra,L-\e) G N^ and using (155]) we see that aRaCt ^ G 3Nf^. Then 
Ra G a-^3N^a C gA/",^. Therefore a = Ral e 3N^l = Ni. 

We have obtained Ni C Nr C Nm ^ Ni, therefore Ni = Nr = N^. □ 

Definition 4.40. A quasigroup {Q, o) is 

1. an (r, s,t)-inverse quasigroup if there exist a permutation J of the set Q such that J^'{x o 
y) o J'x = J^y for all x,y eQ fSJl l5Uf . 

2. an m-inverse quasigroup if there exist a permutation J of the set Q such that J"^{x o y) o 
jm+i^ = jmy y^r a// a;, ?/ G Q g3 [521 Eg/. 

3. a W IP -inverse quasigroup if there exist a permutation J of the set Q such that J{xoy)ox = 
Jy for allx,y eQ lT^\][mW- 

4- a CI -inverse quasigroup if there exist a permutation J of the set Q such that {xoy)oJx = y 

for allx,yeQ [3 [23 [li- 
lt is easy to see, that classes of (r, s, t)-inverse, m-inverse, ly/P-inverse, CJ-inverse quasi- 
groups are included in the class of (a, /3, 7)-inverse quasigroups. 

Lemma 4.41. An {r, s,t) -inverse quasigroup has ((1 2 3), ( J^, J*, J*)) autostrophy. 
An m-inverse quasigroup has ((12 3), (J*", J"*"*"^, J"^)) autostrophy. 
A W IP-inverse quasigroup has ((1 2 3), ( J, e, J)) autostrophy. 
A Cl-inverse quasigroup has ((1 2 3), (e, J, e)) autostrophy. 

Proof. The proof follows from Theorem 14.351 □ 

Theorem 4.42. 1. If in m-inverse loop {Q, o) J = Ir, where xoIrX = 1, then Ni = Nr = Nm- 

2. In WIP-loop ^N^ = 3N^ = ^N^, ^N^ = 3K^ = ,N^, Ni = Nr = N^. 

3. In CI-loop iNf' = 3N^ = siV^ = 2N^ = 3^^ = ,N;^, Ni = Nr = N^<Q. 

Proof. Case 1. The proof follows from Theorem 14.391 

Cases 2 and 3. The proof follows from Theorem 14.381 and Corollary 14.251 □ 
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4.4.2 A-, p-, and /^-inverse quasigroups 

Lemma 4.43. 1. In X-inverse quasigroup 

(a) ,N,^ = K\N^\, = Ai liV^ArS- 
(h) ,N,^ = AjSiV^Aa = \2 2N^\-,'; 
(c) ^N^ = X^\N,^X2 = A3 siV/Ag-^ 

2. In p-inverse quasigroup 

(a) ,N,^ = p-,',Nfp, = p3 ,N^pt; 
(h) ^N^ = p-^\Nip^ = p, 2iv^P2-'; 
(c) ,N^ = p-\N^p, = p, ,N^p-,\ 

3. In p-inverse quasigroup 

(a) iN^ = p^\N^pi = p2 2N^IJ'2^; 
(h) = p^\Nfps = aiV.^/ij'; 
(c) iN^ = f^l\N^p, = p2 2N^P2^. 

Proof. We can use Theorem 14.351 Lemma 14.361 and Table 3. □ 
A quasigroup {Q, ■) with identities xy = yx, x ■ xy = y is called TS-quasigroup. In TS- 
quasigroup any parastrophy is an autostrophy [H], i.e. (Q, ■)'^ = (Q? ") for all parastrophies 
a e S3. 

Corollary 4.44. 1. In LIP -quasigroup iN^^ = A {iN^)X, A^ = e, sNf^ = 2iV^, 2N^ = sN^- 

2. In RIP -quasigroup 2N^ = P (2A^™)p, = e, iN{^ = sN{^, iN^ = ^N^- 

3. In IP -quasigroup A^ = e, p^ = e, iN^ = sNi^ = aiV^ = lA^^ = aiV,^ = s^V.^- 

4. In TS-quasigroup ^Nf = sNf^ = iN^ = siV^ = 2^^ = sK^- 

Proof. The proof follows from Lemma I4.43[ In L/P-quasigroup A2 = A3 = e. In RIP- 
quasigroup pi = = e. □ 

Theorem 4.45. 1. In LIP -quasigroup 2©^ = 3©^ and these equivalences are normal from 
the left. 

2. In RI P- quasigroup lOf = 3©/^, these equivalences are normal from the right. 

3. In TS-quasigroup we have iQf = sOf = 2^^ = = i©m = 2©m ^'^^ these equiva- 
lences are normal congruences. 

Proof. Cases 1 and 2. The proof follows from Lemma [4.431 Corollaries 14.241 and 14.261 

By proving of Case 3 it is possible to use Table 3 and Corollary 14.241 □ 

Corollary 4.46. In commutative LIP-loop, commutative RIP-loop Ni = Nr = Nm ^ Q- In 
{e; p2', Ps)-, {pi',£', Ps)-, and {pi, p2',^) -inverse loop Ni = Nr < Q. 

Proof. The proof follows from Corollary 14.441 □ 
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